
5' The data are spaced 90 years apart. We can express the solution of thelogistic equation ,, :^Fs 
(1 _ #)ln the form v: #,l**" d is aconstant and u : "-:*.S$stilu.ting g(0) : A, y(Oo)-J 59, and y(180) :208 we have 4(1 + A) : -M, s0(1 ; 

-n 
j : ui*azosii'i'e"i :'usotve these equations: 4(L + A): s0(1'+ A"):;t: 4-. substitute&is expression for .,{-in 2 0g(l + Aa2) :  e + A) and simffiio obtain thequadratic equation 4669u2 _ 4g7bu * 806 : 0, or (466g, _ 806X, _ 1 ) : 0.Hence u : 306f466g = 0.0655 4 0r a :1 (the second root is extraneous).fr:l/ .: 23/(2 -_Zs") : t0Z38T/7 !_88_* 68.6, and M : 4* 4A :109075/422 = 258.5. Thus y: i;6;efoouuurelOirzuu

6. The predicted carrying capacity is limr*o g(t) :2Sg.S.

7. solve 66ffifoeirro- :210 to obtain

L /258.5 \
6m (Tid- - I ) 

: 0'06553e'/no

or 0.0036313 : 0.068539r/s. Thking logarithms, we have $1_r.rrrr; :-5.6182 It follows rhat t : lgS.S, and therefore f : f78O * t8b.E :1975.5.

y(2050 - 17e0) :y(260): i;53-6ffi$ffi :252.4miltion.

f (y) : k(M - y)(zM - s)y,I*t l(y): 0, we obtain 3 stationary
values: UL:0,U2: M, and gB :2M. The function /(y) is positive when
0 < g < M andwhen 3r > 2M;and / is negarive for M < y < 2M.Herc
is the phase diagiam:

You can see that A : 0 and g : 2M are unstable stationary points, and
U : M is stable. If the initial population is between 0 and2M,the solution
will converge to the stable populati on, M . If the population initially exceeds
2M then the population will go to infinity, which does not make sense.

8.

10.

2MM

20. 
_ _solving/(y) :.sin(il 

_tr: 0wegettwostationarypoints v : 2kr+
[, zkr + $ in each interva 1f*", z 1n +iy"1, *t "r" * ir'J;;.r. Because
f'(y): cosy,wehavef,(2kn+f,):4 > 0,and l,(2kr+*\: _{g <0, the stationary point a :2kr i5 ir unstaUte a"A y = iX" lg ,, ,,iOrJ
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29.

(a) The critical harvest rate is the maximum harvest rate that the population
can susrain without becoming extincl I*t f (p): p(l _ F;-_ A :
-P2 + P - H be the growth rate. The stationary points are the roots
of /(P) : 0. By the quadratic formur4 for H <-0.25 there are rwo
stationary points, Pt,Pz - 1+\E=4:m. The phase diagram for this case
is

P1 p2

As the harvest rate increese_s, the stationary point p1 moves to the right,
and Pz moves left, until H : 0.25, when tbere is only one statioriary
point, P : 0.5, and the phase diagram looks tike this:

0.5

when r/ > 0.2s there is no stationary point, and the popuration be-
cotrtes extinct. Thus the critical harvest rate is 0.25.
Notice that 0 is not a stationary point. The moder predicts that pop-
ulations will become negative if p(0) < pr (in the case n 2 o.zs),
and for P(0) < 0.5 in the criticar case. If the harvest rate exceeds
this critical value, negative popurations are predicted for any starting
population. of course the moder win cease to appry when *re resource
is exhausted; the moder actuany teil us that ttrat the state of extinction
will not be approached asymptoticaily, it will occur in a finite span of
time.

O) For I/ : 0.1 we have Pr, Pz: EF : 0.b * 0.316. pr : 0.1g4,
Pz : 0.816. Refeling to the first phise diagram in part 1a1, ip1, e2) is

. an up interval, and (-*, &) ana (p2, +mfare down ioi#.fr. Tr "r"_
forey - Pz is stable. Because P(0) : L ) pz,the limitingpopulation
will be Pz : 0.816

(c) The bifurcation diagram merges the phase diagrams (presented verti-
cally) in a graph, where the horizontai axis gives the harvest rate,
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5. substiruting a : e2t(t + 1) q9 g - ^ex| 
- 1) in the first equation

yields the idbntity zex(t +.r) + e2t : ex(t + 1) + ekft _ il ii";.
The same subsritution in the second equation,results in zexit - ti + "i :
zex ( t * t ) -8e1 .

substituting x : c eh and 3r = c ex inthe first equation of the ..associated
homogeneous system" yields the identity 2C ex : C e% *C e2t.ffr","-"
substinrtion in the second equation resurts in2c ex : 2c ex.
A family of solutions of the inhomogeneous system is the sum of the asso_
ciated homogeneous solutions plus a particular solution. Thus we obtain a
family of solutions: r: e%(t+ I + C), g: e%(t_ 1+ q)

7. The ODE can be written * $X 
- _g* _ 4g +t2 Set s : $ and

o' : #.Then the sysrem

a
-3u-  4y+tz

replaces the given ODE.

TheODEcanbewr i t t en  * {6 :  (1  -  " r )#_zSe tu  =  f t and
ot : #.Then the system

a
( L - 2 2 ) u - z

replaces the given ODE.

6. Substituting c : sec(t), and 3r - tan(t) in the fust equation yields the
identity sec(t) tan(t) : sec(t) tau(t). The same substitution in the second
equation results in sec2(t) : sec2(t).

The identity sec2(t) : tan2(t) * 1 can be used to eliminate t in the solution
c : sec(t), g : tan(t). We have f : 12 +1, and as t + r f2,both s and
U -+ o. This orbit is therefore the segment of the hyperbolaA - ffi
in the first quadrant and fourth quadrants, directed upward.
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10. By solvingtheequations (y2 - y)/4 : 0, af4: 0wegetthestationary
points (0,0), and (0, 1.).
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Graphs of r(t) : sinh(t) and g(t) : cosh(t).

Phase Portrait


