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Abstract

We develop local elliptic regularity for operators having coefficients in a range of Sobolev-type func-
tion spaces (Bessel potential, Sobolev-Slobodeckij, Triebel-Lizorkin, Besov) where the coefficients have a
regularity structure typical of operators in geometric analysis. The proofs rely on a nonstandard technique
using rescaling estimates and apply to operators having coefficients with low regularity. For each class of
function space for an operator’s coefficients, we exhibit a natural associated range of function spaces of the
same type for the domain of the operator and we provide regularity inference along with interior estimates.
Additionally, we present a unified set of multiplication results for the function spaces we consider.

1 Introduction

Elliptic differential operators associated with Riemannian metrics having limited regularity arise naturally
in the construction of initial data in general relativity. Moreover, because of connections with the asso-
ciated evolution problem, it is natural to work with metrics having regularity measured in Sobolev-type
scales, and with a non-integral number of derivatives [KRO5][ST05][Ma06]. In this paper we develop a
largely self-contained account of the mapping properties and local elliptic regularity theory for differential
operators having coefficients in any one of a broad category of Sobolev-type spaces, including spaces with
non-integral levels of differentiability, where the coefficients also admit a regularity structure typical of ge-
ometric differential operators. For each category of function spaces considered, we allow for coefficients
with low regularity, and our approach to local elliptic theory is apparently novel in this context, relying on
rescaling estimates for Sobolev-type spaces to reduce the problem to that of constant-coefficient operators.

Local elliptic regularity is a well-established subject, with a wealth of results available in a number of con-
texts, even in low-regularity settings. For second-order scalar elliptic operators in divergence form [Tr73]
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treats a form of elliptic regularity assuming only that the coefficients are measurable, although only for a
very limited set of (operator-dependent) function spaces. A related theory appears in the text [GTO1] that
applies to a range of integer-based Sobolev spaces under progressively stronger hypotheses on the coeffi-
cients of the elliptic operator. See also [Gi93], which contains analogous results that apply to systems of
equations. Spaces with a non-integral number of derivatives include the L?-based spaces H* which appear
naturally in hyperbolic problems as well as their generalizations: Bessel potential spaces H*?, Sobolev-
Slobodeckij spaces W*?, Triebel-Lizorkin spaces F,;”, and Besov spaces B,”. So long as the differential
operators involved have smooth coefficients, elliptic theory for these spaces can be found in [Tr10]. For less
regular coefficients, one is led to the theory of pseudodifferential operators with non-smooth symbols and
paradifferential calculus. See, e.g., [Ta91] and [Ma88]. Nevertheless, this theory is somewhat technical, and
it can be difficult for non-practitioners to apply it immediately to the specific class of questions addressed in
the current work.

Within the mathematical relativity literature one finds instead a sequence of custom-made regularity theo-
rems for second-order operators associated with with a metric g on a domain of dimension n > 3:

e [CC81]: g € Wk? withk € N, k > n/2 + 1 and hence possessing Holder continuous derivatives,
e [Ch04][Ma05]: g € W*P with k € N, k > 2 and k > n/p and hence Holder continuous,
e [Ma06]: g € H® with s € R, s > n/2 and hence Holder continuous,

o [HNTO9] g € W¥? with s € R, s > 1 and s > n/p and hence Holder continuous.

Although [Ma06] was the first work in this context to treat spaces with a fractional number of derivatives,
its limited focus on the L? setting meant that it did not recover the full set of earlier results. By contrast,
[HNTO9] recovers prior results fully, but its main regularity result, Lemma 32, contains an error that is not
straightforward to correct. Moreover, although Sobolev-Slobodeckij spaces W*” are a reasonable choice for
interpolating between integer-based Sobolev spaces, Bessel potential spaces H®” enjoy better interpolation
and embedding properties and are a compelling alternative. Hence it would be desirable to extend the
results above to other classes of function spaces, and indeed our work here concerning Bessel potential
spaces provides the elliptic theory used by the recent preprint [ALM?22], which treats geometric operators
on asymptotically hyperbolic manifolds.

Our main results concern local elliptic regularity for differential operators having coefficients in any of the
Sobolev-type spaces H*?, W7, F;” and B;” mentioned above. Although we use basic techniques from the
theory of paraproducts in the proofs of some of our work, we do so with a minimum of theoretical overhead,
and Section 3.2 contains a short survey of the few tools needed. Moreover, although Bessel potential spaces
are a special case of Triebel-Lizorkin spaces and could have been dealt with as a consequence of the general
theory, in Section 2 we present a simplified approach in the Bessel potential context that is free from para-
product methods. This approach comes at the expense of establishing a less-than-sharp intermediate result
on rescaling (Proposition 2.17 vs. Proposition 3.10), but this has no impact on the final regularity theory.
Readers who are only interested in the Bessel potential case can stop reading at the end of Section 2 without
needing to move on to the relative complexities of the more general function spaces.

In addition to extending the scope of [Ma06] and [HNT09] to a broader class of function spaces, the results
of this paper strengthen our earlier work. Rather than simply obtaining a-priori estimates for functions with
a known level of regularity, we obtain full regularity inference in the spirit of, e.g., [GT01] Theorem 8.8.



Additionally, we have extended the range of parameters of the function spaces treated. This extension is
only marginal in the generic case, but substantially extends the range of parameters whenever the operators
involved omit low-order terms; see the discussion following Definition 2.4. Although we restrict our atten-
tion to interior regularity, the tools developed here are also sufficient to address boundary value problems.
We have omitted these considerations, in part for simplicity of exposition: boundary traces generally lie in
Besov spaces, which are among the most technical of the spaces we consider, and which we treat last. We
will address boundary regularity in followup work.

Principal applications of elliptic regularity only apply to the range of Lebesgue exponents 1 < p < oo.
Motivated by this, and again for the sake of simple exposition, we have avoided the edge cases of F’ ;’p and
B;’p where p, g = 1, 0o, much less the quasi-normed spaces where p,q < 1. We observe, however, that the
multiplication rules of Theorems 3.5 and 5.4 and the rescaling estimates of Propositions 3.10 and 5.11 are
candidates that could benefit from extending beyond the parameter ranges treated here.

1.1 Coefficient regularity structure

Differential operators in geometric analysis admit a representation in local coordinates in terms of coeffi-
cients that are universal expressions involving the values and derivatives of the coordinate representation g,
of a metric g. The prototypical example is the Laplacian A, associated with g, which can be written in terms
of the inverse metric g and the determinant V& as
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The leading order coefficients have the regularity of g,,, whereas the next order coefficients involve first
derivatives of g,». More generally, consider the conformal Laplacian C, of g,

1
A= "0y + ) \/g(aa (—ga”)) 3.

Co = —culg + Ry

where ¢, = —4(n — 1)/(n — 2) and where R, is the scalar curvature of the metric. If the coefficients of the
metric lie in Wllof with p > n, a computation using Holder’s inequality and Sobolev embedding shows that
C, has the form

Co = —€1800,0p + 00 +y

where

b 1, 0, -1,
ga € Wlocp’ 'Ba € Wlocp’ Y€ Wloc .
In particular, the leading order coefficients have the regularity of the metric, and there is a loss of one
derivative as we descend from one order of coefficient to the next. This leads us to consider elliptic d"-order
operators of the form
L= Z aa, (1.1)

lo|<d

where the top-most coeflicients lie in a space J* with s derivatives and more generally where each a* €
Js~lel While this category of operator is not the most general possible in geometric analysis [St75], it
is sufficiently broad to include many operators of interest, including Hodge Laplacians, the Lichnerowicz



Laplacian [Be87], the vector Laplacian [[s95] and the conformal Laplacian, so long as s > 1 and so long as
the underlying metric lies in a space sufficiently regular so as to ensure Holder continuity. It also includes
the class of geometric operators satisfying the hypotheses of Assumption P of [ALM22].

Given an operator of the form (1.1) with leading order coefficients in some space J* with s derivatives, one
wants to find compatible spaces K with o derivatives such that that L : K% — K°~¢ and such that local
elliptic regularity holds: roughly that if u is regular enough that L can act on it, and if Lu € K“~¢, then
locally u € K7 along with associated estimates. We establish this theory for elliptic operators of the form
(1.1) where the topmost coefficients come from a space J* of one of the following types:

o a Bessel potential space H*?, in which case K“ is another Bessel potential space H”*¢ (Section 2),

o a Triebel-Lizorkin space F,”, in which case K is another Triebel-Lizorkin space F' Z’“ (Section 3),

o a Sobolev-Slobodeckij space W*”, in which case K“ is another Sobolev-Slobodeckij space W4 (Sec-
tion 4),

e a Besov space B.”, in which case K is another Besov space BZ’“ (Section 5).

In all these cases, the space J* is restricted to be suitably regular so that its elements are Holder continuous,
and we give a careful description of the parameters determining the allowable spaces K.

1.2 Rescaling estimates

Our general approach is the same for all the function spaces considered, and in the specific case of Bessel
potential spaces H*? the core ingredients are:

1. Multiplication properties for H*? spaces, Theorem 2.5.

2. Mapping properties: given an operator L of the form (1.1) with leading coefficients in H*?, for which
spaces H%¢ does L map H”¢ — H”~%4? This is the content of Proposition 2.6.

3. Arescaling estimate, described below.

4. A coefficient freezing/blowup argument which uses the rescaling estimate to establish “regularity at a
point”, Proposition 2.20.

5. A partition of unity decomposition and bootstrap to obtain the main regularity result, Theorem 2.21.

Coeflicient freezing as used in step 4 above is classical, but we use a nonstandard rescaling technique to
manage the perturbations from the constant coefficient operator. To motivate this technique, consider the
simplest case of integer-based Sobolev spaces on the unit ball B; C R”, and let u € W*P(By), where k € N,
1 < p <oo. For0 <r <1 wedefine uy,)(x) = u(rx), so uy, rescales u up from the ball of radius r to the
unit ball. Derivatives are damped under this rescaling operation, but the singularities permitted by L? spaces
are enhanced, and a computation using Sobolev embedding and Holder’s inequality shows

et gy [lwiosyy < 7 Iullwers,) (1.2)



where @ = min(k — %,O), except in the marginal case k = n/p, in which case we can take « to be any
negative number. The cap @ < 0 appears in this estimate because of the constants, which are invariant under
rescaling. However, if k > n/p so that elements of W*P(B,) are Holder continuous, and if f(0) =0, one can
do better. Now estimate (1.2) holds with @ = min(k — n/p, 1), except in the marginal case k = n/p + 1, in
which case we can use any @ < 1. Regardless, if k > n/p and if f(0) = 0, estimate (1.2) holds for some
a > 0.

Now consider a differential operator L = ¥, 5 <, @’ with coefficients & € W*=4+Fl»(B;) and with k > n/p.
The leading order coefficients lie in W*”(B;) and are therefore Holder continuous. Hence we can define the

principal part of L at 0,
Lo = Z @ (0)dp.
Bl=d
If u is a distribution that is regular enough that L can act on it, a computation shows that

rd(Lu){,} = L()M{r} + Z (aﬁ - aﬁ(O)){,}ﬁﬁu{,} + Z rdflﬁla[;r}aﬁu{,} .
|Bl=d |8l <d

=Braugn =Crugny

The aim at this point is to show that by taking r sufficiently small, the coeflicients of the perturbations By,
and C|,; can be made as small as desired so that a parametrix for Ly can be employed to deduce regularity
properties of uy,, and this is where the rescaling estimate (1.2) is needed. Using the structural hypothesis
ag € Wk=4+I8l.r(B|) along with the rescaling estimate (1.2) we find, except in marginal cases where an
unimportant adjustment is needed, that the coefficients of Cj,; satisfy

4= 1Bl jmin(k—d-+|B|—n/p,0) | |aﬁ| |Wk

177 ag) oy -ty < ey

Since |B] < d for each of these coefficients, and since k > n/p, we obtain

rdf\ﬁ|rmin(k7d+ﬁfn/p,0) — rmin(kfn/p,dfvﬂ) -

for some € > 0. Hence the coefficients of Cy, scale away as r — 0. On the other hand, the high order
perturbation coefficients @® — @#(0) lie in W*P(B,) with k > n/p and vanish at 0, so the improved variation
of the scaling estimate (1.2) again shows that the coefficients of B, vanish as r — 0.

Propositions 3.10 and 5.11 show that estimate (1.2) generalizes to Triebel-Lizorkin and Besov spaces re-
spectively. For Triebel-Lizorkin spaces, the proof requires elementary techniques from Littlewood-Paley
theory and paramultiplication, and the necessary background is recalled in Section 3.2 prior to the proof
of Proposition 3.10. The analogous results for Besov spaces follow from the Triebel-Lizorkin result and
interpolation. As mentioned above, in the interest of approachability, for Bessel potential spaces we use
an alternative approach with a rescaling estimate, Proposition 2.17, that is not sharp, but which admits an
elementary proof that is independent of Littlewood-Paley theory.

1.3 Multiplication

Mapping properties of differential operators with coefficients in Sobolev-type spaces depend on pointwise
multiplication rules that determine when a product of factors from two given function spaces lies in a third



space. There is an extensive literature on this subject, including [Pa68] [Zo77] [Am91] [ST95] [RS96]
[Jo95] [BH21] that contains individual pieces of the theory we require. Chapter 4 of [RS96] is especially
comprehensive. Where these works overlap, there is generally agreement on the hypotheses, but certain
edge cases are treated, or not, by different authors. Rather than attempt to assemble these disparate pieces
into a coherent whole, we include a self-contained proof of multiplication rules for Triebel-Lizorkin spaces,
Theorem 3.5, and for Besov spaces, Theorem 5.4, in the appendices. Corresponding rules for Bessel poten-
tial spaces and Sobolev-Slobodeckij spaces, Theorems 2.5 and 4.2 respectively, follow as corollaries. The
proofs rely on the same elementary Littlewood-Paley/paramultiplication techniques that we use to obtain the
rescaling estimates of Section 3.2. Although we have limited our analysis to the region 1 < p,g < oo for
the spaces F,” and B,”, in this restricted setting we obtain a consistent set of hypotheses over all ranges of
s that are simpler in character, and that are at least as sharp, as what appears currently in the literature.

2 Coefficients in Bessel Potential Spaces

In this section we prove interior elliptic estimates for operators having coefficients in Bessel potential spaces,
with a goal of presenting the result using a minimum of technology. The primary background requirements
are:

o standard facts about Sobolev spaces with integer orders of differentiability,

e embedding, interpolation and duality theory for Bessel potential spaces,

e multiplication rules for Bessel potential spaces, which we recall below, and

e clementary tools from harmonic analysis needed to construct parametrices for elliptic operators with

constant coefficients.

In particular, the approach is otherwise independent of Littlewood-Paley theory or the general theory of

pseudodifferential operators, beyond what is required to define the spaces themselves.

Let F denote the Fourier transform and for s € R let D° be the pseudodifferential operator given by

FID*ul€) = (1 + [¢[H2Fu) ).

Given 1 < p < oo and s € R a tempered distribution # on R” belongs to the Bessel potential space H*”(R")
if D=%u € LP(R"), in which case

|l | oy = D™ ul| o
We use the same notation for for distributions taking on values in a real vector space (e.g., RF or R¥*k),

When k € Z, then H*P(R") with this definition coincides with standard Sobolev spaces of distributions
having derivatives laying in Lebesgue spaces.

Given an open set Q C R” the space H*”(Q) consists of restrictions of distributions in H*?(R") to Q and is
given the quotient norm. That is,

HMHHW(Q) = inf{”ﬁHH:vz)(Rn) RS Hs,p(Rn),mQ = M}



We say an open set Q is a C*° domain if each point in the boundary admits an open ball centered at it and
a diffeomorphism from it to an open subset of R” such that the image of the intersection of Q with the ball
is a simply connected subset of the upper half space R™*. If Q is a bounded C*° domain and if k € Z, then
H*P(Q) coincides with the usual integer-based Sobolev spaces.

We have the following embedding, interpolation, and duality properties of Bessel potential spaces, which
are special cases of the same results cited in Section 3 for the more general Triebel-Lizorkin spaces.

Proposition 2.1. Assume 1 < p, p1, p» < 0o and s, s1, 52 € R, and suppose Q is a bounded open set in R".

L If s > sy then HYP(R") < H*P(R") and HP(Q) = HP(Q).
2. If p1 > p> then H*P'(Q) — H"P2(Q).

3. If sy > sy and le -4z p—lq — 2 then H*'"P'(R") < H*>P*(R").

S_[
n

4. If sy > s, and p—ll < plz — er then H*P'(Q) «— H">P2(Q).

5. If0 < @ < 1 then H»*™P(R") < CO*(R") and H» P (Q) — C™(Q).

In the final embedding above, C**(R") denotes the Holder space with norm |[|u||coeny = |[ul|roon +
—f(y
Sup,.,, [ £

[x—y|

, with an analogous norm for functions defined on Q.

Proposition 2.2. Assume 1 < py, p» < 0o and s1, 52 € R, and suppose Q is either R" or is a bounded C*>
domain in R". For0 < 6 < 1,

[H"7(Q), H>P (s = H'(Q)
where

1 1 1
s=(1—-0)s+0s,, —=1—-6— +6—
p P1 P2

Proposition 2.3. Assume 1 < p < oo and s € R. The bilinear map C*(R") x C*°(R") — R given by
(f,g) := fog extends to a continuous bilinear map F,"(R") X Fq_*s"’ (R") — Rwhere 1/p* =1—1/p and

1/q* =1 —1/q. Moreover, f — (f,-) is a continuous identification of F,;"(R") with (F{;S,p*(Rn))*.

2.1 Mapping properties
The following definition encodes the regularity structure of the coefficients of differential operators appear-
ing frequently in geometric analysis.
Definition 2.4. Consider a d" order differential operator on an open set Q C R”,
L= Z a“o,
lo|<d

where the coefficients are R***-valued for a system of k variables. We say that L is of class LY(H*P; Q) for
some s € Rand 1 < p < o< if each
a® € H*lel=dr (@),



If L omits terms of order lower than dy for some 0 < dy < d, i.e.,

L= Z a“d,,
do<|a|<d

we say L € L'go(H”’; Q).

To motivate the roles of the pair of indices d and dj in the previous definition, recall from the introduction
the conformal Laplacian C, = —c,A, + R[g] of a metric g on a bounded C*° domain Q. An elementary
computation using Sobolev embedding shows that if g € H'7(Q) with p > n then C, is of class L>(H"7; Q).
The low-order term is the scalar curvature R[g] € H~"7(€) and its presence restricts the set of spaces that C,
can act on: functions in these spaces must possess at least one derivative. By contrast, the ordinary Laplacian
for the same metric has no zero-order term and consequently is an operator of class ﬁ%(H Lp: Q). Moreover,
one can show that it acts on a broader class of spaces and, for example, defines a map L”(Q) — H2P(Q).
Hence, in addition to the order d of the differential operator we also track the order dj of the term with the
lowest number of derivatives appearing in the operator.

Consider an operator L of class EZO(H”’ ; Q). It defines a map from C>=(Q), the set of smooth functions
on Q admitting smooth extensions to R”, to the set D'(Q) of distributions on Q, and we wish to establish
finer-grained mapping properties. Specifically, we would like to determine the indices (o, g) € R x (1, 00)
such that L is continuous H™4(Q) — H7~%4(Q).

The following result on multiplication of Bessel potential spaces is the tool needed to establish these mapping
properties. It can be readily proved for integral orders of differentiability using only Sobolev embedding and
duality arguments, and a slightly less sharp version that would, in fact, be sufficient for our purposes can
be proved with interpolation techniques ([BH21] Theorem 5.1). See also [Pa68], the original reference
for multiplication of Bessel potential spaces, which also considers the case of more than two factors. The
statement below is a special case of the multiplication rules for the broader class of Triebel-Lizorkin spaces
proved in Appendix A.

Theorem 2.5. Let Q be a bounded open subset of R". Suppose 1 < pi, p2,q < o0 and sy, s,,0 € R. Let
r1, 1, and r be defined by

—=——— —=——-——, and -=--—

1 S1 1 1 K 1 1 o
rr pi n’ n P2 n roq n

Pointwise multiplication of C ©(Q) functions extends to a continuous bilinear map H*'""'(Q) x H*P2(Q) —
H79(Q) so long as

si+s5 20 2.1
min(sy, $7) > o 2.2)
1 1 1
max (—, —) < - 2.3)
ry n r
1 1
—+—<1 2.4)
r )
1 1 1
—+ —< - (25)

r r r

with inequality (2.5) strict if min(1/r, 1/r, 1 — 1/r) = 0.



There are admittedly a large number of conditions in the previous result, but they all have an easy interpre-
tation. For a pair (o, g) € R x (1, 00) we call

1
-

Q| =
=19

the Lebesgue regularity of the pair, the terminology motivated by the observation that if 0 < 1/r < 1 then
Sobolev embedding implies Hf'o ’Cq(R”) embeds in Lj (R"). Using this vocabulary, the conditions (2.1)-(2.5)
are, loosely:

(2.1) If one factor has a negative number of derivatives, the remaining factor must have at as many positive
derivatives.

(2.2) The product will not have, in general, more derivatives than either factor.
(2.3) The product will not have, in general, better Lebesgue regularity than either factor.

(2.4) L' is a least-regular barrier for multiplication of L” spaces. Note that in light of inequality (2.5) this
condition only plays a role if s < 0.

(2.5) The Lebesgue regularity of the product is consistent with multiplication of L? spaces. Strictness of
this inequality is needed in edge cases because L*° is not the right target space for borderline Sobolev
embeddings.

Repeated applications of Theorem 2.5 imply the following mapping result, where we emphasize the new
hypothesis s > n/p which ensures, among other consequences, that the highest order coefficients of the
differential operator are continuous.

Proposition 2.6. Let Q be a bounded open subset of R". Suppose 1 < p,q < 0o, s > n/p, o € R and
d,dy € Z>o withd > dy. An operator of class EZU(HS”’;Q) extends from a map C*(Q) — D'(Q) r0 a
continuous linear map H>1(Q) — H7~%4(Q) so long as

o€ld—s,s+dy
o 1 s+dy 1 d—s (2.6)

1
g n |p n 'p* n

where 1/p* =1 — 1/p is the conjugate Lebesgue exponent of p. Moreover, the map A between these spaces
depends continuously on its coefficients a® € H*~4**P(Q).

Conditions (2.6) on o and g describe the natural Sobolev indices of spaces for an operator of class EZO (H>?P; Q)
to act on, and it is convenient to have notation for this set.

Definition 2.7. Suppose 1 < p < oo, s € Randd,dy € Z>o withd > dy. The compatible Soboley indices
for an operator of class EZO(H SP; Q) acting on a bounded open set Q is the set

8§ (H™) C R x (1,00)

of tuples (o, q) € R x (1, 00) satisfying (2.6).



(1/p,$ +d0)‘
Sg (H*F)
(d+dy)/2 A =
O -
“(1/p* s+ d)
. 1/q
0 1/2 1

Figure 1: The region SjO(HS’P) forn=3,d=2,dy=0,p=17and s = % + %

The second condition of (2.6) is a restriction on the Lebesgue regularity of (o, ¢) and it is helpful to visualize
SjO(H“’) after making the transformation g — 1/g since sets of constant Lebesgue regularity then appear
as straight lines with slope 1/ as in Figure 1.

For any particular collection of parameters, it may be that S 50 (H*?) is empty. The following result establishes

when the set is nonempty and hence when an operator of class CZO (H*P; Q) has a suitable collection of Bessel
potential spaces to act on.

Lemma 2.8. Suppose 1 < p < oo, s € Randd,dy € Z>o withd > dy. Then Sgo([-]s,l’) is nonempty if and
only if

s> (d —dy)/2, and 2.7
l_fgl_w. (2.8)
p n~ 2 n

IfS‘éO (H*?) is non-empty then it contains (s + dy, p), (d — s, p*), and ((d + dy)/2,2). Moreover, if (o,q) €
Sjo (H*P), then we have the continuous inclusions of Fréchet spaces

Hi P (R C HR') C H ™ (R, 29

loc loc

Proof. The intervals in (2.6) defining SjO(H ®P) are non-empty if and only if s > (d — d)/2 and

l_s+a’0<1_l_d—s

= bl

p n p n

10



which is equivalent to inequality (2.8). Moreover, if these intervals are nonempty, then (s + dp, p) and
(d — s, p*) evidently belong to SjO(H $P), To show that (o, q) = ((d + dy)/2,2) € SgO(H“’*”) whenever this set
is nonempty, define

1 1 s+d 1 1 d—s 1 1 (d+dy)/2

—=—— , —=—=- , and - =
rnop n rnop n ro 2 n

Then ((d + dy)/2,2) € S;’U(H‘”’) so long as

d
d—s< 25 < o4 4, (2.10)

and 1 1 1
<<l 2.11)

181 r %)

Since SjO(HS”’) is nonempty, d — s < s+ dp and 1/r; < 1/rp. Inequalities (2.10) and (2.11) are then
consequences of the observations

d+dy _

S = [(d — s) + (s + dp)]

L1,
r 2\r1 r2)’

Finally, recall that H,”' (R") embeds continuously in H,"*(R") if s, > s, and if

N —

and

1 S1<1 52

pr n py n

So conditions (2.6) ensure that if (0, q) € Sjo (H*P?) then we have the continuous inclusions (2.9). O

The indices (s + dp, p) and (d — s, p*) correspond to the most regular and least regular spaces an operator
in L’ZO(H”’ ; Q) can naturally act on; indices (o, gq) € SjU(H“"") yield spaces Hl‘:) ’Cq(R”) that lie intermediate
between the two extreme spaces Hl‘;do’p (R™) and H]‘i:”’ "(R"). Indeed, one interpretation of Lemma 2.8
is that SjO(Hs”’) is nonempty exactly when Hl‘i;d""” (R™) includes Hff) P “(RM). Alternatively, inequalities
(2.7)~(2.8) are exactly the condition that H” includes H\“*/**  which highlights the importance of this
L*-based space. In effect, Lemma 2.8 implies Sffo (H*") is nonempty exactly when it contains ((d + dy)/2, 2).
For example, consider the case of a general second-order operator, so d = 2 and dy = 0. Then Sg(H *P) is

non-empty when Hl’;f (R™) contains Hllo’z(R"), the natural L2-based space for a weak existence theory. See
also Figure 1, where the key L2-based space appears as a small square.

In addition to the mapping properties of L described in Proposition 2.6 we require an analogous result for
the commutator of L with a smooth cutoff function ¢.

Lemma 2.9. Let Q be a bounded open subset of R". Suppose 1 < p,q < oo, s >n/p,c € Randd,dy € Z>
with d > dy. Let L be an operator of class EZO(H P; Q) and let ¢ € D(Q). Then [L, ¢] extends from a map
Coo(ﬁ) — D'(Q) to a continuous linear map H™(Q) — HT~19(Q) so long as (o + 1,q) € Sjo(Hs’p).
Moreover, if dy = 0, the same result holds if (o, q) € Sg(HS’I’).

11



Proof. Suppose u € H>9(Q). A term of [L, ¢]u has the form
a®dppo,u

where a® € H¥~4*lel-r and where max(1, dy) < || < dand |y| < |a| — 1. The result in the case of general
dy follows from a direct computation using these facts along with Theorem 2.5.

If dy = 0, we can improve the result as follows. Let L be L with its zero-order term removed, so L. €
E‘II(H P; Q). Then [L, ¢] = (L, ¢] and using the result just proved we find that the commutator [L, ¢] maps
H™(Q) — H"~“14(Q)solongas (o+1,¢q) € Sii(H *P). But a routine computation shows that this condition
is equivalent to (o, q) € Sg *I(H $P) and the claimed improvement follows since S gil(H YD S g H*>P)., O

2.2 Rescaling estimates

For a Schwartz function u let uy,(x) = u(rx). This rescaling operation extends to general tempered distri-
butions by continuity and duality arguments, and we use the same notation when u is a distribution. When
m is a non-negative integer, it is easy to see that u — uy,} is a continuous automorphism of H™*(R") for all
1 < p < o0. The same holds for H*P(R") for s > 0 by interpolation, and for s < O by an elementary duality
argument.

In this section, we prove two principal estimates for the norms of rescaling operators, with bounds depending
on r along with the parameters of the function space being acted on. First, we have Proposition 2.10, which
establishes the desired estimates for functions with integer-order differentiability. Then, using interpolation,
we generalize the estimates to non-integer differentiability at the penalty of a mild loss of sharpness; this
is the content of Proposition 2.17, which is the main result of this section. In fact, one can recover the
sharpness using more sophisticated tools from Littlewood-Paley theory, and indeed we do for the broader
class of Triebel-Lizorkin spaces in Section 3.2. Nevertheless, the less-than optimal estimates of Proposition
2.17 are sufficient to establish local elliptic regularity in the context of Bessel potential function spaces, and
it permits a proof using only a minimal set of tools.

Proposition 2.10. Suppose 1 < p < oo, m € Z and that y is a Schwartz function on R". There exists a
constant @ € R such that for all 0 < r < 1 and all u € H™P(R")

| I/\/M{r} | |Hm,p(Rn) < }"a| ‘ul Hmp(R")- (2 1 2)

Specifically:

1. Inequality (2.12) holds with
a = min(m — E,O)
4

unless m — n/p = 0, in which case it holds for any choice of a < 0, with implicit constant depending
on a.

2. If m > n/p (in which case functions in H™P(R") are Holder continuous) and if u(0) = 0, then inequal-
ity (2.12) holds with

. n
a:mln(m —,1)
p

12



unless m — n/p = 1, in which case it holds for any choice of a < 1, with implicit constant depending
on a.

Proposition 2.10 is established in the following sequence of elementary results which treat specific subcases
and supporting lemmas. Specifically, it is an immediate consequence of Corollary 2.13, Lemma 2.14 and
Corollary 2.16 below. In applications, y in Proposition 2.10 will be compactly supported and we are ef-
fectively interested in rescaling u from a ball of radius r < 1 up to a ball of fixed radius. Derivatives are
dampened under this operation, and the role of y is to control the zero-frequency terms; without the cutoff
function, for all m > 0 the optimal scaling would be @ = —n/p instead.

We begin in the easier setting m < 0, in which case it turns out that the the cutoff function plays no role.
When m = 0, we have the following consequence of the change of variables formula that the L” norm has
straightforward scaling behavior for all r > 0.

Lemma 2.11. Suppose 1 < p < oo, r >0, and u € LP(R"). Then

gy || r@ny = lual|Lognyr P

Turning to the case m < 0 in Proposition 2.10, the proof proceeds via a duality argument, for which we need
the following result concerning rescaling HP(R™) for k > 0 with > 1 (rather than r < 1).

Lemma 2.12. Suppose 1 < p < oo and k € Z>¢. Forall r > 1 and all u € H*P(R"),

n

| ‘M{r} | |Hk,p(Rn) < | |u| |Hk,p(er)r,117 P, (2 1 3)

Proof. Lemma 2.11, the Gagliardo-Nirenberg-Sobolev inequality and the fact that r > 1 imply

pan + IV ugy |l
la|=k

g | mer@n S U]

= r ol + 7 3 11V 0 gyl
|a|=k
= r_%||u”L’7(R") + rk_% Z ||(un)| Ll’(R"))
|a|=k

< 70 |l | o -

The following corollary follows from duality from Lemma 2.12.

Corollary 2.13. Suppose 1 < p <ocandm € Z<y. Forall0 <r < 1 and allu € H™P(R")

gy mmogeny < 1 7 |ul| o).
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Proof. Using a density argument it is enough to establish the result when u is smooth and compactly sup-
ported. For any test function ¢,

| (ugy.0) | = ' fR u(ro)p(x) dx

_ 2.14
= 0| [ uowin i @14
RVI
< r"ull e |51 -mo gny-
Since —m > 0 and since 1/r > 1, Lemma 2.12 implies
+ o
b g1/my | i—moe oy S 7" 77| - gny
where the implicit constant is independent of r and u. Hence
|<”{r}7¢>| < |l o @n || @1] gr—mo goyr ™7 = |[u||mo | ] r-mo ey ™ 7
which concludes the proof, noting that H™P(R") is the dual space of H —mp" (R, O
Corollary 2.13 implies Proposition 2.10 in the case m < 0, for if y is a Schwartz function ||yu||gmr@n <

||u|| rmr gy We now turn to the more involved case of Proposition 2.10, m > 0.

Lemma 2.14. Suppose 1 < p < oo, m € N and that y is a Schwartz function on R". There exists « € R
such that forall 1 <r < 1andallu € H™P(R")

leegry lemoeny < 7|l | mo - 2.15)

Specifically, we can take @« = min(0,m — n/p) in inequality (2.15) unless m — n/p = 0, in which case
inequality (2.15) holds for any choice of a < 0 and the implicit constant depends on a.

Proof. Repeated applications of the Gagliardo-Nirenberg-Sobolev inequality imply

o (2.16)

where the implicit constant depends on y; since y is fixed the explicit dependence is unimportant.

gy lame@n < [Deegy llren + [V g

The second term on the right-hand side of equation (2.16) is easy to estimate. Using the identity V"uy,) =
r"(V"u)( Lemma 2.11 we find

IV ugy ey < 7P|V "ul | oggeny < 7772 [l oy

Turning to the low order term, first consider the case m > n/p. Sobolev imbedding implies u € L°°(R") and

Deugeyllr@ny < el llugey || oo @ = [hell L@ |lul|Loo @

rmin(O,m—n/p) | | u ‘ |Hm.p

< [ullamren = @)

Now suppose m < n/p. Then Sobolev embedding implies u € LY(R") where



Holder’s inequality, the fact that y lies in every Lebesgue space, and Lemma 2.11 imply

4

Ligny S F

= " Jul oy < 7P|

gl S lugy La®)

Hmo @) = pmin(n—n/p,0) ‘ |M| |H’”vﬂ(R“) .

When m = n/p we use the marginal case of Sobolev embedding and an argument similar to the above to
conclude

LP(R™) S rin/q\ |u| |Hm,p(Rn)

Drugy |
for any g > p. Taking ¢ sufficiently large we find inequality (2.15) holds for any choice of @ < 0. O

Lemma 2.14 completes the proof of part (1) of Proposition 2.10, and the following two results establish part

).

Lemma 2.15. Let y be a Schwartz function on R" and let & € [0, 1]. Forall 0 < r < 1 and all u € C**(R")
with u(0) = 0,
gy [|r@n < [ullcoe@nr®.

Proof. We divide R”" into three regions: the ball B;(0), the annulus A = B;,(0) \ B1(0) and the exterior
region E = R" \ By,,(0). On the unit ball, since u(0) =

I o) S 1|z @nllullcoas, o)

To obtain the remainder of the estimate, pick a constant B > 0 such that |y(x)| < Blx|~®+D/P= for all
x € R" with |x| > 1. Then, letting C,, be the volume of the unit n — 1 sphere, we find on the annulus A,

1/r
— 1— —1
[ty <o [ Bl o s
A 1

Ur (2.17)
s—2
< B[] g f1 s < CB il o ™
Taking p'" roots establishes the desired estimate on A.
Finally, for the exterior region we have
- 1 1 1 1
p 4 —n—1—ap n— — 4 14 +ap
fl/yu{,}| < CuB" Ul @y f/r s " 'ds=C,B Hu||Cw(Ru)1 Tap’
which completes the proof. O

Corollary 2.16. Let y be a Schwartz function on R". Suppose 1 < p < co and m € N with m > n/p. There
exists « € R such that for all 0 < r < 1 and all u € H™P(R") with u(0) =

||XM{,} | |Hm,p(Rn) < r‘1| ‘M| ‘Hm,l)(Rn). (218)

Specifically, we can take @« = min(l,m — n/p) in inequality (2.18) unless m — n/p = 1, in which case
inequality (2.18) holds for any choice of @ < 1 and the implicit constant depends on a.

15



0 11/p

Figure 2: Interpolation regions in Proposition 2.17.

Proof. Following the argument of the beginning of the proof of Lemma 2.14 we know that

g | mmr@n S (g |y + [V ugy | e

and that |[V™ug,y || r@n < 7" "P||u| |0 @n). Hence it suffices to show

min(1,m—n/p) [|u|| gmr

Iugy @y S 7 ®)-

Suppose first that 0 < m — n/p < 1. Then u € C**(R") with @ = m — n/p. Since u(0) = 0, Lemma 2.15
implies .

Deugr oo < [lullconanr™ < ullmmoger™ "' = [[ul|gmognr™" "7,
On the other hand, if m — n/p > 1 then u lies in C%(R") and the same argument shows

L@y S |[ul|mo@nrt = ||ul] megn ™ m=p

ey |

The result in the marginal case m — n/p = 1 follows from a similar argument using the fact that H"™P(R")
embeds into C**(R") for any a € (0, 1). O

Having now established Proposition 2.10, we turn to its generalization to non-integer orders of differentia-
bility. In fact, one can show that the statement of Proposition 2.10 generalizes without change, other than
replacing m € Z with s € R; see Proposition 3.10 which establishes an extension of this fact to the broader
class of Triebel-Lizorkin spaces. The following result is mildly weaker, but is easier to prove and is suffi-
cient for our application establishing local elliptic regularity. The key difference is that the equal sign in the
definition of the exponent « in parts (1) and (2) of Proposition 2.10 has been replaced with a strict inequality.

16



Proposition 2.17. Suppose 1 < p < 0o, s € R and y is a Schwartz function on R". There exists @ € R such
that for all0 < r < 1 and allu € H*P(R"),

\Deugeyllrer@ny s rl{ullmsrcen. (2.19)

In particular:

1. Inequality (2.19) holds with any
a < min(s — E,O)
p

with implicit constant depending on a.

2. If s > n/p and u(0) = 0 then inequality (2.19) holds with any

. n
a < mln(s —,1)
p

Proof. We divide the tuples (s, 1/p) in R x (0, 1) into the following regions (see Figure 2):

with implicit constant depending on .

s<n—1,0<1/p<1,s—n/p<0,
s>1,0<1/p<l,s—n/p>0,
s<l,s—n/p>0,

s>n—1,s—n/p <0,

> 9P e > =

I1<s<n—1,s—n/p=0.

Suppose (s, 1/p) € A and for the moment assume s > 0. If s is an integer, the result follows from Proposi-
tion 2.10 so we can assume 0 < s < n — 1. There exist 1/pg, 1/p1 € (0, 1) such that (s, 1/p) lies on the line
joining (0, 1/po) and (n — 1, 1/py). That is,

(s, 1/p) = (1 = 6)0,1/po) + 6(n — 1,1/p1)

for some 6 € (0,1). Since H*?(R") = [H*(R"), H"~ "1 (R")]y we conclude from Proposition 2.10 and
interpolation applied to the map u — yuy,) that

[yugn

Replacing Proposition 2.10 with Corollary 2.13, the same technique works in region A if s < 0 and indeed
the argument is simpler since we can select pg = p; = p.

Hor@ny S (rfn/po)lfé(rnflfn/pl)HHM‘ sfn/pH

HsP(R") =r u| HsP(R")-

If (s, 1/p) € B and s is an integer then Proposition 2.10 implies inequality (2.12) holds with @ = 0. When s
is not an integer we can interpolate between (||, 1/p1) and ([s], 1/p>) for appropriate choices of p; and p,
to obtain the same result.

17



Next, suppose (s, 1/p) lies in the triangular region C, so n/p < s < 1. Consider any o with 0 < o < n/p, so
o < s < 1 as well. Then
H*'(R") = [H7P(R"), H'"P(R")]g

with 8 = (s — 0)/(1 — o) € (0, 1). From interpolation we find

Noting that 1 — 6 — (1 — 5)/(1 — n/p) < oo as o — n/p we can take o as close to n/p from below as we
please to conclude that inequality (2.19) holds with any fixed choice of @ < 0. Note that this interpolation,
and the one to follow for region D, is the source of the loss of sharpness of the current proposition.

rr—n/p)l—9| ‘Lt|

HsP(R™) S (r HsP(R")-

In the region D the argument is similar to the argument for region C; we now interpolate between a point
with s = n — 1 and a point with s > n/p in region A taken arbitrarily close to the line s = n/p. On the
line segment £ the proof follows by interpolating between a point in region .4 and a point region 3 taken
arbitrarily close to the line segment. This completes the proof of part (1).

The proof of part (2) is proved in a completely analogous way with the main division now occurring on the
line s = n/p + 1. Given the careful proof of part (1) we omit the details. O

2.3 Interior elliptic estimates

This section contains our principal elliptic regularity results, which are established in two steps. First, Propo-
sition 2.20 shows that if an operator is elliptic at a single point, then elliptic regularity can be established
for functions that are supported in a sufficiently small neighborhood near the point. The rescaling estimates
of the previous section, along with a parametrix construction, are the key tools needed at this first stage.
Theorem 3.21 then builds on Proposition 2.20 to obtain full interior regularity for elliptic operators using
a partition of unity argument along with a bootstrap. The commutator estimates of Lemma 2.9 are the key
technical used at this second stage.

Definition 2.18. Ler Q be an open subset of R". Suppose 1 < p < oo and s > n/p. An operator

(04
a“d,
la|<d

of class EZO(H”’; Q) is elliptic at xy € Q if for every ¢ € R" \ {0}

Z aa(xO)é_-a c kak

|a|=d
is non-singular, where £* = &% - - - €%,
We have the following standard parametrix construction for homogeneous, constant coefficient elliptic op-
erators.

Lemma 2.19. Suppose L = }},1—q a"0q is a constant coefficient elliptic differential operator. There exists
maps Q and T acting on tempered distributions supported on Bg(0) such that

18



o Q: H4P(R") — HSP(R") is is continuous for all s € R and 1 < p < oo,
o T : H"P(R") — H*>P(R") is continuous for all 51,55 € Rand 1 < p < o0,

o QLu = u+ Tu for all tempered distributions u.

Proof. Let y be a smooth, compactly supported cutoft function that equals 1 in a neighborhood of zero.
Define the parametrix Q on tempered distributions by Qu = F~'(1—y(£))(a®¢é*)~' F, where F is the Fourier
transform. Similarly, let T be the smoothing map Tu = F~ ' y(&)F. A computation shows QLu = u + Tu for
all tempered distributions.

Setting (£) = +/1 + |£?, the claimed continuity properties of Q follows from factoring the multiplier as

[(1 = x@)aem =" (©)7] &)~

The continuity of the multiplier operator determined by the the first factor follows from the Mikhlin multi-
plier theorem whereas the second factor is handled by the definition of Bessel potential spaces.

The smoothing map 7 has a compactly supported multiplier and its continuity properties follow from the
same arguments as above, without restriction on the gain in derivatives. O

We now establish Proposition 2.20, the regularity result for functions supported in a sufficiently small region
near a point where an operator is elliptic. The statement of this proposition requires notation for function
spaces associated with compactly supported functions on a bounded open set €, and there are two natural
classes of spaces one can work with. The first is the closure of D(Q2) in H*?(€2). We find it more convenient
to take the closure of D(€2) iE H*P(R") instead; following the notation of [Mc00] we denote this latter space
by H*P(€2). An element in H*7(Q) is, by definition, an element of H*”(R") and it is easy to see that it has
support in Q. Moreover, if u € H*?(Q) has support contained in a compact set V C €, an easy argument
using a cutoff function that equals 1 on V and vanishes outside Q2 shows that there exists a unique it € H(Q)
with it|q = u, and indeed one has the estimate ||i||g.(q) < ||u||msr) With implicit constant depending on
V. Following standard practice we informally identify u with its zero extension ii.

Proposition 2.20. Let Q C R" be a bounded open set. Suppose s € R, 1 < p < oo, d,dy € Zx with
dy < d, that s > n/p, and that these parameters satisfy inequalities (2.7)—(2.8) of Lemma 2.8 and hence
SZO(HS"’) # 0. Suppose additionally that L = 2la|<a A" 0o is a differential operator of class EZU(HS"’; Q)
and that for some x € Q that

Ly = Z a®(x)d,

|a|=m

is elliptic. Given (o,q) € SjO(H $P) there exists r > 0 such that B,(x) C Q and such that if

u € H " (B,(x)) and
Lu € H”~%4(Q)

then u € H”1(Q) and

||M| H74(Q) < ||Lu| Ho—da(Q) + HM| |Hd—y—l,p* ) (220)

with implicit constant independent of u but depending on all other parameters.
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Proof. It suffices to prove the result assuming x = 0 and that B;(0) C Q. From the definition of Bessel
potential spaces on bounded domains, we can further assume that the coefficients of L have been extended
to all of R”.

For each r € (0, 1] define
L[r] = L() + B[r] + C[r]

where
By = ) (@~ a"(0))(;)0a

|a|=d

C[r] = Z rd_lal(aa){r}aa-

|a|<d

221

Suppose u € ﬁd“”’*(Br(O)) for some r < 1 and that Lu € H”~%9(Q). Recall that by definition u €
HY=$r" (R"). Moreover, Lu is compactly supported in © and hence defines an element of H7%4(Q) C
H~44R") ¢ H?"(R"). In particular, we can treat u and Lu as distributions on R” and a short computation
shows uy, satisfies

Lou{,.} + B[,]u{,} + C[r]u{,} = rd(Lu){r}
as an equation in H~*° i R™).

Pick a cutoff function y that equals 1 on a neighborhood of B;(0). Since uy,} is supported on B;(0),

Lougyy + xBiugy + xCragry = r(Lu) (2.22)
as well.

Let Q and T be the parametrix and smoothing operator for Ly from Lemma 2.19. Applying y QO to equation
(2.22) we have

gy + xTugy +xQ 0 (W(Byy + Crpugry = r'yQ(Lu) .- (2.23)

It will be convenient to define Q' = yQ and T’ = T, in which case Q' has the same continuity properties as
in Lemma 2.19 and, using the compact support of y, 7’ is a continuous map H*'""'(R") — H*»"'2(R") for all
choices of si, 52, p1, p2.

Consider a coefficient of Cj,, ¢® = rd*|‘1|(a"){,} € H“*d”""”(R”). From Proposition 2.17, for any € > 0

||

Similarly, consider a coeflicient b* = (a* — a“(0))y,y of By,. Since a® € H*P(R") when || = d, and since
b*(0) = 0, Proposition 2.17 implies

Hs—dﬂtl\vﬁ(Rn) S rd_ ‘a/‘ rmin(57d+|a|7%’0)76| |a(l/| Hs+d— \n\,p(Rn) = rmin(S7 %’d7|a|)7€| ‘aa/| |Hs+d—|a\.p(Rn). (224)

b 5oy < ™0 505 | ey (2.25)

Pick € > 0 with € < min (s — %, 1). Since d — |a| > 1 in estimate (2.24) it follows that the coefficients
of x By, and yCj, converge to zero in the norms indicated on the left-hand sides of inequalities (2.24) and
(2.25) as r — 0. Using the fact that these coefficients are compactly supported in a common bounded open
set, a computation using Theorem 2.5 shows that x (B, + C|)) converges to zero as an operator H” 4 (R") —
H —dd' (R") as r — 0 for any choice of (¢, ¢’) € SgU(H“’). Hence we may take r sufficiently small so
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that I + Q' o (x(B + Cpyp)) has a continuous inverse Uy, : H™ %7 (R") — H*~%P"(R") that also maps
HS*oP(R") — H5+4oP(R™) and H74(R") — H74(R™). Applying Uy, to equation (2.23) we conclude

gy + U T ugy = U Q' (Lu) gy

and consequently

Hoa(Rm) + ||U[r] Q/(LM){r}| Hoa(Rm)
3 ||U[r]T/“{r}HH»Hdo-rf(Rn) + ||Q/(Lu){r}‘|H"“i(R”) (2.26)
< ||M{r}”Hd—v—|,p*(Rn) + ||(Lu){,}\

gyl |mraceny S 10T ugry

Ho—dq (]R“ ).

Note that the implicit constants above depend on r, but this dependence is unimportant since the smallness
of r has already be chosen. Since rescaling v +— vy,) with fixed r is a continuous automorphism of any
Bessel potential space on R” we conclude

| |M‘ |H(ﬁl](Rll) < | ‘LM| ‘Hu—d.q(Rn) + | |u| |Hd—x—],/)* ®R")* (227)

Estimate (2.20) follows from inequality (2.27) along with the fact that if v € H‘T"q'(R") for some (07, ¢’) has
support on a fixed B,(0) C Q, then ||v| o' gy With implicit constants depending on r. U

H ¢ (@) ™ |[v]

We now arrive at our main regularity result.

Theorem 2.21. Let Q be a bounded open set in R" and suppose s, p,dy and d are parameters as in Lemma
2.8 such that s > n/p and such that inequalities (2.7)—(2.8) are satisfied so SjO(H 5Py £ (. Suppose L is of

class EZO(H”’; Q) and is elliptic on Q. If u € H5?"(Q) and Lu € H"~%4(Q) for some (o, q) € SjO(HS’P)
then for any open set U with U C Q, u € H"4(U) and

|[ul|trawy S [[Lul|po-cag@y + (]| a1 (- (2.28)

Proof. The proof is a bootstrap that relies on the following main step. We have initially assumed that
u € H* 5P (Q) so that L can be applied to it, and that Ly € H"~%49(Q) for some (o,q) € SgO(HS’p).

Suppose we know additionally that on some open set Q4 with U C Q4 C Q that u € H"*9(Q,) for some
pair (04, g4) such that the commutator result Lemma 2.9 applies. Now consider a target level of regularity
(0B, gp) satisfying the following:

Hl: o3 < 0o,

H2: - —— < — — —
q n qB n

H3: O’BSO'A+1,

1 1 1
H4I——O—A+ < (o)
ga n qB n

The first two conditions ensure via Sobolev embedding that H4(Q) is contained in H7#%4(Q) and form a

hard limit on the target regularity. The second two conditions ensure H?9(Q4) D H4*191(Q,) and limit
the improvement in regularity that can be achieved on a single step of the bootstrap. We claim that under
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these hypotheses that u € H7#98(Qp) for some open set Qg C Q4 such that U C Qg and that we have the
estimate

| ‘u| H7B1B(Qp) S | ‘LM| ‘Hcr—zl.q(g) + | |M| ‘HUA#A (Q4) (229)

with implicit constant independent of u.

To establish inequality (2.29) we first select an open set Qp with UCQpC 53 C Q4. Since Q_B is compact
we can select finitely many balls B; = B,,(x;) C Qo that cover Q and such that the conclusion of Proposition
2.20 holds for the pair (0, gg). Using a partition of unity subordinate to the balls B; and Q4 \ 53 we can
find non-negative smooth functions ¢; compactly supported in B; such that )} ¢; = 1 on Qp.

Consider
L(¢iuw) = ¢iLu + [L, ¢;]u. (2.30)

From conditions (H1)—-(H2) and Sobolev embedding we know

|| Lul

H{r—d,q(Q). (231)

HTB—%45(Qp) < HLM| HTB—445(Qp) < HLM‘

Conditions (H3)—-(H4) allow us to apply Sobolev embedding to the commutator term from equation (2.30)
and we have

H[Ls ¢i]’4”H‘TB—dqu(B,.) < H[L, ¢i]u‘|H"'A_d‘”«‘1A(Bi)' (2~32)
Since we have assumed that (04, g4) satisfies the conditions of Lemma 2.9 (i.e., either (o4 + 1,94) €
SjO(HS'P) ordy=0and (04,q4) € SjO(HS*”)), we have

L, @ilul | s —israa gy S Nl poasa sy S [|ul|oaon @) (2.33)

Combining inequalities equalities (2.31), (2.32) and (2.32) we find L(¢;u) € H75~%45(B,) and we conclude
from Proposition 2.20 that ¢,u € H?#9(R") and additionally

||piutl|trnany) S [[Lul|goa) + [|u|[oasm @)

Inequality (2.29) now follows from the observation ||@;u||gessy) < ||@itt||nosasq,) and summing on i.

We now describe the bootstrap in the easier case when dy = 0, where Lemma 2.9 has the fewest restrictions.
The argument begins with (0, q9) = (d — s — 1, p*) and (071, q1) = (d — s, p*). Conditions (H1)—(H2) are
an immediate consequence of the definition of the region Sg (H*P) and conditions (H3)—(H4) are obvious.
Moreover, since (o + 1,q9) = (d — s, p*) € Sg(H *P), Lemma 2.9 applies. Hence all the conditions of the

bootstrap step are met and we conclude there is an open set Q; with U C Q; C Q such that

(1] | pa=sr* 2,y S |[Ltt] | Heaqe) + (|1 ga—s—10% - (2.34)

We now iteratively apply the bootstrap step through a finite sequence (o, gx) in S g(H”’) described below
that starts at (s — d, p*) and terminates at (o, g). At each step we ensure conditions (H1)—(H4) hold and
obtain inequalities

[t | 11 @y S [ Lut]|Hoac) + [|ul[ ooy (2.35)

for a sequence nested open sets U C Q1 C Q C Q. Because we have assumed that dy = 0, and since
each (o, qx) € Sg(HS”’), we are assured that at each step we can use the commutator estimate from Lemma
(2.9). Inequality (2.28) follows from chaining together the initial estimate (2.34) with the estimates (2.35)
obtained along the bootstrap.
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The specific sequence (o, gx) can be achieved as follows, starting from (o1,q;) = (d — s, p*), in two cases
depending on whether 1/g < 1/p* or not as depicted in Figure 3.

If 1/qg < 1/p* we first lower 1/g; by steps of at most 1/n until it has been lowered to 1/g. At this point we
raise o by steps of at most 1 until it has been raised to g. Note that at each step k,

s 1 o 1 O 1 o 1 d—s
p n g n g n o oq n p* n

and hence the sequence remains in Sg (H*P) as is required to apply Lemma 2.9. These same inequalities also
show that conditions (H1)—(H2) are maintained at each step. Moreover, conditions (H3)—(H4) hold because
we either fix o and lower g; by at most 1/n or we fix g, and raise o by at most 1.

Now suppose 1/g > 1/p*. Since 1/q — o/n < 1/p* — (d — s)/n, we can lower ¢ to a value ¢ such that
the inequality becomes an equality. We now start the bootstrap by raising o to min(o + 1, o) at each step
while simultaneously raising 1/gy so that the value 1/q; — o /n = 1/p* — (d — s)/n remains invariant. This
stage ends when (0%, qr) = (07, ). We then increase o while leaving g, fixed as in the earlier argument
when 1/g < 1/p*. The first stage of the sequence hasd — s < o < 0’ < o < s and

1

p

1 o 1 d—=s 1 g
<-—=——< — - =— - —.

q n — p* no g n

S |«

Hence for this first part of the sequence the terms (o, gx) lie in Sg (H*P) and additionally conditions (H1)—
(H2) are maintained. Moreover, condition (H3) is enforced because we raise o by at most 1, and condition
(H4) is satisfied because it is an equality during this first stage where we lower 1/g;. The same argument as
in the case when 1/g < 1/p* then shows that conditions (H1)—(H4) hold in the second stage when we raise
o while leaving gy fixed. The proof is now complete in event that dy = 0.

We now turn to the case dy > 0 where the bootstrap requires more care because the hypotheses of Lemma
2.9 are more restrictive. Consider the case dy = 1. If (0, q) € Sg(Hs’P), we can simply apply the earlier
result, so it suffices to assume (o, q) € Sf’(H‘”’)) but (o, q) ¢ Sg(H“""). Because dy = 1 we can define a
point (o7, ¢) in Sg (H*P) determined by (o, ¢) and the following rules:

1. If o < s, leave ¢’ = o fixed but raise 1/¢ by at most 1/nto 1/¢' suchthat 1/¢' — o-/n=1/p — s/n.

2. Ifc > sand 1/p — s/n < 1/q — o/n, lower o by at most 1 to s while simultaneously lowering 1/g
by at most 1/n so that the Lebesgue regularity 1/q — o-/n = 1/¢q' — o’ /n is unchanged.

3. Otherwise, (o, g) satisfies s < o < o+ 1 and

s+ 1

<

1 1
— S —
p n " q

319
S|

1
p
and we set (07, ¢') = (s, p).

In each of these cases H*4(Q) is contained in H* ¢ (Q) by Sobolev embedding, so we can apply the original
bootstrap for dy = 0 to get to (¢, ¢’). Since (¢, q’) € Sg (H*P) a computation shows (o' +1,¢’) € Sf“ (H*P)
and hence the commutator result Lemma 2.9 can be applied at (¢, ¢’). One verifies that in all three cases
listed above, the target regularity (o, g) satisfies conditions (H1)-(H4) when starting from (¢”, ¢") and we can
apply the bootstrap step exactly once to arrive at (o, g). This proves the result when dy = 1, and iterating
this argument obtains the proof for any value of dy. 0
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o (1/p,s +do)

Sd (Her) /

— (1/p*,-s+d)

(1/p*,-s+d-1)

: 1/q
0 1/2 1

Figure 3: Two possible bootstrap paths.
3 Coefficients in Triebel-Lizorkin Spaces

This section generalizes the results of Section 2 to operators having coefficients in Triebel-Lizorkin spaces,
which are defined defined in terms of Littlewood-Paley projection operators. Let ¢ be a smooth radial bump
function that equals 1 on By and vanishes outside of B, and let /(&) = ¢(&) — ¢p(2£), so Y (&) = 0if |£] > 2 or
|€] < 1/2. For k € Z we define the Littlewood-Paley projections Py and P<y
FIPu)@) =y~ EFLu)()
FIP<iul(®) = ¢ E)F[ul(®).

We also use the notation P,<.<, for Z[;':a P;.

Let s € Rand 1 < p,q < co. Given a tempered distribution u, each Pu is an analytic function on R"” and a
tempered distribution belongs to the Triebel-Lizorkin space F,”(R) if

[e’s) 1/q
D@ Pealy? ]

k=1

|utl | p2r gy = |[P<oul|rn + < oo.

LP(Rn)

We call p the Lebesgue parameter, whereas g is the fine parameter. Bessel potential spaces are Triebel-
Lizorkin spaces with fine parameter ¢ = 2 and, as recalled in the following section, Sobolev-Slobodeckij
spaces W*P(R") are also special cases of Triebel-Lizorkin spaces with either ¢ = 2 or ¢ = p. Just as for
Bessel potential spaces, on an open set Q C R”, F ;”’(Q) consists of the restrictions to © of distributions
in F,”(R") to Q and is given the quotient norm. The text [Tr10] contains a comprehensive description of
Triebel-Lizorkin spaces, and indeed considers a wider set of parameters than those we employ here.
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Embedding properties for Triebel-Lizorkin spaces follow those for Bessel potential spaces with the following
rule of thumb: when a loss of derivatives is involved, the fine parameter has no role. Specifically, we
recall the following results summarizing [Tr10] Proposition 2.3.2/2 and Theorems 2.7.1 and 3.3.1 along
with [Tr78] Theorems 2.8.1 and 4.6.1; the notation A < B denotes a continuous inclusion of space A
into space B. Note that here and elsewhere when we quote established results, we restrict the range of the
parameters to 1 < p,g < oo even when they apply with greater generality.

Proposition 3.1. Assume 1 < p, p1, p2,9,q1,q2 < o and s, 51,52 € R, and suppose Q is a bounded open
set in R".

L. If 51> 53 then F}P(R") < FP(R") and FJ"(Q) < F27(Q).
2. Ifq1 < qo then FiP(R™) < FiP(R™) and FJ(Q) < F2P(Q).
3. If p1 > py then F;" (Q) — F,7*(Q).

4. If s > s, and le - 4= plz — 2 then Fo"'(R") < F2P*(R™).

5. Ifs; > s, and i — 2 < — 2then Fy P (Q) = F7(Q).

1

P2
6. If0 < a < 1then F ""(®") < C®*R") and F}"""(Q) — CO(Q).

Note that for bounded open sets Q, [Tr10] and [Tr78] proves these embedding properties under the the

addition hypothesis that Q is a C> domain. The results for arbitrary bounded open sets follow as a corollary
using the quotient space definition of the relevant spaces.

Complex interpolation of Triebel-Lizorkin spaces is described in [Tr10] Theorems 2.4.7 and 3.3.6.

Proposition 3.2. Assume 1 < py, p2,q1,q2 < 00 and s1, so € R, and suppose Q is either R" or is a bounded
C*® domain inR". For0 <0< 1,

[Foy" (@, Fi (@l = Fy"(©Q)

where 1 { { | |
s=(1—-0)s1+0s), —=1-60)—+0—, (1—-60)—+6—.
p P1 P2 q1 q2

Duality of spaces of functions on R” follows from [Tr10] Theorem 2.11.2. Duality for Lipschitz bounded do-
mains can be found in [Tr02], but the theory is more complex and we have avoided its use in our arguments;
see, e.g., Proposition A.7.

Proposition 3.3. Assume 1 < p,q < oo and s € R. The bilinear map D(R") x D(R") — R given by
(f.g) = fQ fg extends to a continuous bilinear map F;"(R") x Fq_f’p (R") — R where 1/p* =1—1/p and

1/¢* =1 — 1/q. Moreover, f — (f,-) is a continuous identification ofF;”’(R") with (F(;x,p*(R"))*.
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3.1 Mapping properties

Operators with coefficients in Triebel-Lizorkin spaces are defined analogously to those of Definition 2.4.

Definition 3.4. Suppose dy,d € Z> withdy < d. A differential operator on an open set Q C R" of the form

a®0,

do<|e|<d

is of class LZO(FW; Q) for some s € R, and 1 < p,q < oo if each

a® e F7 ().
We have the following multiplication rules for Triebel-Lizorkin spaces that generalize the rules found in
Theorem 2.5. A self-contained proof is given in Appendix A.

Theorem 3.5. Let Q be a bounded open subset of R". Suppose 1 < py, p2, p,q1,q2,q < 00 and sy, 53,5 € R.
Let ry,ry and r be defined by

Pointwise multiplication of C*°(Q) functions extends to a continuous bilinear map F. 2T x F(Q) —
F;7(Q) so long as

si+s5 >0 3.1
min(sy, $) > § (3.2)
1 1
max (—, —) < - 3.3)
ry r r
1 1
—+—<1 34
r )
[ 65
r r r

with the the following caveats:

Inequality (3.5) is strict if min(1/ry, 1/ry, 1 — 1/r) = 0.

If s; = s for some i then 1/q < 1/g;.

- 1,1
If s1 + 55 =0 then ot a > 1.

1 1 1
o [fsi=s5,=5=0then — < —
q

Repeated applications of Theorem 3.5 lead to the following analogue of Proposition 2.6.
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Proposition 3.6. Let Q be a bounded open set in R". Suppose 1 < p,q,a,b < oo, s > n/p, o € R and
d,dy € Z>o with d > dy. An operator of class EZO(F;;’p; Q) extends from a map C>®(Q) — D'(Q) 10 a

continuous linear map F,*(Q) — F Zﬁd’”(Q) so long as

o€ld—s,s+dy
1 0'6 1 s+dy 1 _d—s (3.6)
a n p n p* n

and so long as:

o [fo=s+dthen

. Ifo-:d—stheniz%.

Moreover, operators in ,CZO(F ;;’p ; Q) depend continuously on their coefficients a* € F ;7‘””"” (Q).

Note that in the Bessel potential case, ¢ = b = 2 in Proposition 3.6 and the supplemental conditions at
o =s+dyand o = d — s are always satisfied. We have the following generalization of Definition 2.7.

Definition 3.7. Suppose 1 < p,q < oo, s € Randd,dy € Z>o withd > dy. The compatible Soboley indices
for an operator of class EZU(F >P. Q) is the set

Si(Fy") SR x (1,00) x (1, 00)

of tuples (o, a, b) satisfying (3.6) along with the additional conditions at the end of Proposition 3.6 when
o=s+dyoro=d—s.

The proof of Lemma 2.8 generalizes to the Triebel-Lizorkin context with minimal changes, using Proposition
3.1 for facts about Sobolev embedding. The only interesting difference is that the marginal conditions at the
end of Proposition 3.6 adds an additional condition when s is the smallest possible value such that SjO(F P
is nonempty.

Lemma 3.8. Suppose 1 < p,q < oo, s € Randd,dy € Z>o withd > dy. Then SgO(F;’p) is nonempty if and
only if

s > (d—dy)/2, and (3.7
L s 1 Wd-dp2 (3.8)
p n~ 2 n

with the additional condition q < 2 in the marginal case s = (d — dy)/2. If S ZO(F ;;’p ) is non-empty then it
contains (s + do, p,q), (d — s, p*,q"), and ((d + dy)/2,2,2). Moreover, if (0, a,b) € SZO(F;’p), then we have
the continuous inclusions of Fréchet spaces

FHOP @) C FT (R C FAsP" (R, (3.9)

g.loc q*,loc
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Just as in the Bessel potential case, if an operator of class EZO(F ;73 Q) is compatible with any indices at all,
it acts on a compatible L2-based Bessel potential space, F ;d_d(’)/ 22(Q) = H@d=d)/22(Qy),

The following commutator result generalizes Lemma 2.9.

Lemma 3.9. Suppose 1 < p,q,a,b < oo, s > n/p, o0 € Rand d,dy € Z>o withd > dy. Let L be an
operator of class LZO(F >P:Q) and let ¢ € D(Q). Then [L, ¢ extends from a map C(Q) — D'(Q) to a

continuous linear map F;“(Q) Fg_d”’“(ﬂ) solong as (o + 1,a,b) € SgO(F;’p). Morveover; if dy = 0, the
same result holds if (o, a,b) € S{(H,™).

Proof. The proof in the case of general dj is a computation that follows the analogous part of the proof of
Lemma 2.9. The only difference is that there are fine parameter restrictions that need to be checked. In
the notation of Theorem 3.5, nontrivial restrictions could happen when s; = s, when s; + s, = 0 and when
s1 = 5o = s = 0. One readily verifies that under the given hypotheses that s; = s, = s = 0 cannot happen
and that in the remaining cases the fine parameter restrictions are always met.

If dy = 0 the proof again follows the strategy of Lemma 2.9. First we observe that [L, ¢] = [L, ¢] where L
is L with its constant term eliminated. Using the case dy = 1 already proved we have continuity so long as
(o +1,a,b) € S{(F,"), and computation shows that if (o, a,b) € SI(F,;”) then (o + 1,a,b) € SU(F;"). O

3.2 Rescaling estimates

In this section we show that the rescaling estimates of Proposition 2.10 carry over to Triebel-Lizorkin spaces.

Proposition 3.10. Suppose 1 < p,q < oo, s € R and that y is a Schwartz function on R". There exists a
constant @ € R such that for all 0 < r < 1 and all u € F;"(R")

F‘;‘F(R”)' (3 10)

HX”{r}HF;”’(R'l) < r|ul

Specifically:
1. Inequality (3.10) holds with
a= min(s — E,O)
p

unless s — n/p = 0, in which case it holds for any choice of a < 0, with implicit constant depending
on a.

2. If s > n/p (in which case functions in Fy"(R") are Holder continuous) and if u € F,"(R") with
u(0) = O, then inequality holds with
a= min(s — E, 1)
p

unless s — n/p = 1, in which case it holds for any choice of a < 1, with implicit constant depending
on a.

The remainder of this section is an extended proof of this result, and relies on the following elementary facts
from Littlewood-Paley theory.
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Proposition 3.11. Let 1 < p,q,t < oo.

1. Ifnis a Schwartz function then for any M > 0,

—Mk

2
[(Pem)(x)| < m

with implicit constant independent of x and k but depending on n and M.

2. There exist Schwartz functions k, k* such that for any tempered distribution u,
(i) = [[utes 2740 dy
(P<iu)(x) = f u(x + 279K () dy,

with convolution and scaling interpreted in the distributional sense.
3. Forallu € LP(R"), k € N, and x € R"

(Mu)(x)| and

|Pru(x)| < |
< [(Mu)(x)|.

|P<ju(x)|

Here M is the Hardy-Littlewood maximal operator and the implicit constants are independent of u, k
and x.

4. For any sequence { fi }ren of functions in LP(R"),

D P

kEN

1/q
<

[ » mq]w

keN

LP(R7) LP(R7)

5. Let s >0anda € N. Forallu € F;"(R"),

1/q

[|ul

{Z 2% Pyl

k>a

Ferny ~ |[ul|p@n +

Lr(RY)
6. (Littlewood-Paley Trichotomy) Suppose u € LP(R") and v € L'(R"). Given k, k', k" € Z,
P (Pru)(Ppv) =0

unless one of the following three conditions holds:

o k' <k—4andk—-3<k'<k+3,
o k—3<Ik <k+3andk” <k+5,
o k' >k+4dand |k —K'| <2.
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Part (1) is a consequence of the definition of the projection operator and elementary properties of the Fourier
transform. The proof of parts (2) and (3) can be found in the approachable lecture notes [Ta0O1], weeks 2/3.
Part (4) in full generality follows from the Fefferman-Stein inequality [FS71] together with part (3). We
note, however, that the cases of greatest interest (Bessel potential spaces and Sobolev-Slobodeckij spaces)
only involve the cases ¢ = 2 and ¢ = p, which do not require the full power of [FS71]. The lecture notes
[TaO1] contain a proof of part (4) when ¢ = 2, and the result when ¢ = p is an easy consequence of part
(3) and the Hardy-Littlewood maximal inequality. Part (5) follows from the definition of the norm, part (2)
and embedding F,;”(R") — F(z)"” (R") = LP(R™). Part (6) is just a computation based on the supports of
convolutions of functions ¥ used to define Littlewood-Paley projection; see [Ta01] for a related statement.
Note that there is an artificial asymmetry in part (6) between k' and k", and symmetry can be restored at the
expense of increasing the number of cases.

As for Bessel potential spaces, rescaling u — uy,y is a continuous automorphism of any space F,”(R"); for
s > O this is a straightforward consequence of the Closed Graph Theorem, using the fact that rescaling is
continuous acting on L”(R"), whereas for s < 0 and s = 0 the result follows from duality and interpolation
respectively. We initially require the following basic estimate for the norms of the rescaling maps.

Lemma 3.12. Let R > 0, and suppose 1 < p,q < oo and s € R. Then
ety ey < Nl ey

forallu € F;‘p(R") and all r € [—R, R].

Proof. Recall the cutoff functions ¢ and ¢ used to define the Littlewood-Paley projection operators and
define

0 k<0
Yi(€) = {4() k=0
y(27rE) k>0

A computation shows that for k > 0,
(Prugry)(x) = fi(rx)
where f, = F~'MFu and where
Mi(§) = ¢i(ré).

From the bound |r| < R we can find J independent of r such that

J
My = My Z ks

j=—J
with the convention that y; = 0 for k < 0. Hence
J
fi= ) (F MF) (P jul.
j=—J

Using [Tr10] Theorem 1.6.3 via the same argument as in [Tr10] Proposition 2.3.2/1 we find

[y < [ (S o = e
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with implicit constant independent of € [—R, R]. Recalling that (Pru,1)(x) = fi(rx) the result now follows
from the obvious uniform bounds on rescaling in L?(R") for |r| < R. O

We now proceed with the proof of Proposition 3.10 part (1) is broken into three cases depending on whether
s> 0,5 <0,or s =0. We begin with s > 0 and first establish the following technical lemma, which is
needed to control high frequency rescaling.

Lemma 3.13. Suppose s > 0. Forall 0 < r < 1 and all u € F;"(R"),

1/q
Z |2kSPku{,} |q:|

k>1

n
-
<SP

u | F;"}(R") .

Lr(R")

Proof. Suppose first that » = 27/ for some j € Z>¢. An easy computation from the definition of the Fourier
transform and change of variables shows for each k € N,

(Prugry) = (Praju)

for all Schwartz functions u, and hence also for all u € F’ ;’p (R™). But then

1/q 1/q
> Zk‘kau{,}V} =277 3 R P
k>1 Lr(®RM) k>1+j LP(R")
1/q
= sl [ D12 Pl
K>T+j @)
S 272 lul| oo e
= rs_%‘|“| FyP@®ny-

This completes the proof in the case r = 27/. The general case follows from the consequence of Lemma
3.12 that that u + uy,y is uniformly bounded in F,;”(R") for 1/2 < r < 2. O

Proposition 3.10 part (1) when s > 0 now follows from the following.

Proposition 3.14. Suppose 1 < p,q < 0o and s > 0, and let x be a Schwartz function. For allu € F,"(R")
and ) <r <1,
gy psrn < 7| lul| g2y (3.11)
where
a:min(s %,0) (3.12)

unless s = n/p, in which case a can be any (fixed) negative number. The implicit constant in (3.11) depends
on y is independent of u and r.
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Proof. We first assume that s # n/p and define @ according to equation 3.12. Since s > 0, Proposition 3.11
part (5) implies

Z |Pk(/\/u{r})|q]

k>10

Iy per@ny S gy l|ren + (3.13)

LP(R™)

To estimate the first term on the right-hand side of inequality (3.13) first consider the case s < n/p. Define ¢
by
1 1

il (3.14)
t p n

and observe that since 1/p < 1 and since s < n/p, we have 0 < 1/r < 1. Proposition 3.1 implies F,”(R")
embeds in F 3” (R™) = L'(R"). From Holder’s inequality we find

Iugry @y < 1llr@nllugey |oen

where % = % — % Hence, from Lemma 2.11

gy llzny = 7 ||l | = 777 ||| < 7 [ul] procen,

and we conclude |[xu(,y||zr@n S 7[|ul

F27ge)- On the other hand, if s > n/p then

gy lr@n S [[ugy |l @nl el @ < [ullpsegn = rlul| g

Hence in both cases,

gy ll@ny S e |ullpr g
Turning to the second term on the right-hand side of inequality (3.13) we introduce the notation
Py = Py_3<.<p+3-

The Littlewood-Paley trichotomy, Proposition 3.11 part (6), implies

Pilxitg) = Pe| (P (P<—sttg) + (ParesOPuaig) + Y (Pux)(Purttgyy) (3.15)
k' >k+4

high-low low-high

high-high
and we estimate the contributions from each of these three terms individually via the triangle inequality.

Starting with the high-low term, Proposition 3.11 parts (4) and (3) imply

1 1
LRSS | I DRIl
k>10 LP(R™) k=10 Lr(R")
1
<{[ipu [Z 24 Bl
k>10 LP(R")
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where M is the Hardy-Littlewood maximal operator. Now suppose s < n/p and pick ¢ according to equation
(3.14). Then Holder’s inequality and the triangle inequality imply

> 12 Pyl

k>10

1

q

|Mu{,}|

S |[Mugq |||l

LP@®?)
where again 1/t = 1/p — 1/t. The Hardy-Littlewood maximal inequality and Lemma 2.11 then imply
[|Muga|lpen S gy lleen S |ullpen = 7| [u]| ps gy, Which yields the desired estimate

1

() (s ) |

k>10

< r7|ul

F,‘;’” (R

LP(R™)

Obtaining this same inequality in the case s > n/p is similar but easier, using the estimate

(Mugry| < ||ul|oe@ny < [ullpgrn = ||l ryr e

along with the fact y € F,”(R").

To estimate the low-high term we estimate |P<jisy| < ||x||/zec®r) and use Proposition 3.11 part (4) and

Lemma 3.13 to conclude
1

q

1

{Z IZkSFku{r}V}

k>10

A

[ Z | Py {2]“ (P<k+5x) (Fku{r})} |

k>10

LP(R") LP(R")

< {Z |2kSPku{r} |q]

>7

LP(R")

—_n
<sriTe

u| |F;‘/)(]R“)

< 7 ul

F,;”)(]R”) .

Finally, for the high-high term we observe from Proposition 3.11 part (2) that P ¥ < 277 is uniformly
bounded in L*°(R") independent of j and hence Proposition 3.11 part (4) and Lemma 3.13 along with the
triangle inequality imply

1 1
a7 a5
{Z 2Pt Y (Puugy)(Puy) < lz 2 3" (Puugy)(Pux)
k>10 k' >k+4 k>10| K >k+d
Lr®R?) Lr(R?)
1
q
<227 2 e k+a“{r}|q]
a>4 k>10 @)
1
q
< szas Z ZkSPku{r}l‘]}
a>4 k>1 @)
< rS—T) I/l| F;»I’(Rn).
This concludes the proof unless s = n/p, in which case the result follows from interpolation. O
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The proof of Proposition 3.10 part (1) when s < 0 uses a duality argument analogous to that used for the
same step in Section 2.2. First, the following generalization of Lemma 2.12 follows from [Tr10] Proposition
3.4.1/1, which is proved similarly to Lemma 3.13.

Lemma 3.15. Suppose 1 < p,q < oo, and s > 0. Forall r > 1 and all u € F;"(R"),

||u{r}||F;~l’(Rn) < Hu| F;;vl’(Rn)rs_lj. (316)

The following corollary, which completes the case of part (1), is proved identically to Corollary 2.13 using
the duality property of Proposition 3.3.

Corollary 3.16. Suppose 1 < p,q <ooand s <0. Forall0 <r < 1andallu € F;”(R")

||u{,}| FiP(Rr) < r"_% I/t‘

F;"’ (R")-

Proposition 3.10 part (1) has now been established except for the case s = 0, which follows from the
following easy interpolation argument.

Lemma 3.17. Suppose 1 < p,q < co. Forall0 <r < landallu € Fg’p(R”),
ety oy < 777 [l g0 -

Proof. Pick o € Rsuchthat0 < o < n/p. Then for all Schwartz functions u, Corollary 3.16 and Proposition
3.14 imply

_n
F{;"»P(Rn) S r()’ P | ‘M| |F3'F(Rn)

gy
[y |F,;””’(R”) Sr 77| [ul |F;’~"(R")-

for all 0 < r < 1. The result follows from interpolation. O

With the proof of Proposition 3.10 part (1) now complete we turn to part (2), the improved estimate when
u(0) = 0. The following estimate is the key to controlling low-frequency interactions near x = 0.

Lemma 3.18. Suppose u € C**(R") for some a € (0, 1] and that u(0) = 0. Forallk € Nand all 0 < r < 1

|P<iugy (0] S ||| cooqe min(r®(|x|* + 1), 1).
Proof. Proposition 3.11 part (2) implies there is a Schwartz function «* such that
P<jugy(x) = fu(rx + 1275 (y) dy.
We therefore have the easy estimate ||P<tutf, ||z @) < [|u||cos@n and it suffices to show

|P§ku{r}(x)| < ||“|‘C°*’(R")ra(‘x‘a +1)

as well.
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Since u(0) = 0, on each annulus A; = {y : 2/ < |y| < 2/*1} for j € Z>( we find
gy e+ 2759 < el comgeny | + 275917 < 7 uel | couan (|67 +2%7)

where the implicit constant is independent of j. Hence

f u(rx + r27ky)/<* (y) dy
A

Jj

Sra||u||co.a(Rn)(|x|“+2“j)f K" ()| dy.
Aj

Since k* is a Schwartz function, [, |«*(y)| dy 271/ and hence
J

f u(rx + 275 (y) dyl < || coaqrm (x| + 127, 3.17)
Aj
On the other hand,
f u(rx + r2 7 ) dy| < |[ul|coanr® (x| + D* f |K* ()| dy
B1(0) B (3.18)
< ||MHCU.Q(RM)}’0(‘X‘0 + 1)
The result follows from adding the contributions in inequalities (3.17) and (3.18). O

Part (2) of Proposition 3.10 now follows from the following.

Proposition 3.19. Suppose 1 < p,q < coand s > n/p, and let y be a Schwartz function. Forallu € F ;’p R™
with u(0) = 0, and for all 0 < r < 1,

||X”{r}”F;"’(R") s ra””HF;"’(R”) (3.19)
where

@ = min (s _n 1) (3.20)
p

unless s = n/p + 1, in which case a can be any (fixed) number less than 1. The implicit constant in (3.19)
depends on y but is independent of u and r.

Proof. We start by assuming s # % + 1 and define a according to equation (3.20). Hence F, ;’p (R™) embeds
in CO¢(RM).
As in the proof of Proposition 3.14 we start from the estimate

1

D |2“Pk0(“{r})|q}

k>10

H)(M{,}‘ (3.21)

Fren S gyl |en +

LP(R")

The second term on the right-hand side is again estimated using the Littlewood-Paley trichotomy (equation
(3.15)) and the proof of Proposition 3.14 shows that the low-high and high-high terms of that decomposition
satisfy a bound of the form r*~ 7 ||ul| F3P®m)» regardless of the value of u at zero. Consequently, we need
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only estimate the effects of the low-frequency contributions from uy,y, namely the high-low term, as well as

[ugyl

For the low-high term, let v,(x) = min(*(|x|* + 1), ) and hence Lemma 3.18 implies |u,}| < ||u||cosgn v,

LP(R")-

for all 0 < » < 1. Recalling the notation Py = Py_3<.<x+3, Proposition 3.11 part 4 and Lemma 3.18 imply

S 2P {(Puv) (PSk-w{r})}l"r [Z 2" (Pux) (PSk—w{r})'qr (322)

k>10 Lr®R™) k>10 LP(R™)

A

N

|ue]| coacrm | [Ven| | Loy

— 1
where n = [Zkzlo |2’“Pk)(|q]". Since y is a Schwartz function, Proposition 3.11 part (1) implies that given
M > 0 we can estimate )

—Mj
P < -
|( ]X)(x)| S a+ ‘XI)M
with implicit constant independent of j. As a consequence, [(x)| < 1/(1+|x|)”;i.e., n is rapidly decreasing.

To estimate ||v,n||.»@r) we divide R” into three regions: the ball B;(0), the annulus A = B;,(0) \ B;(0) and
the exterior region E = By;,(0)°. On the unit ball |v,| < r* and hence

Vel Loy 0y S 77 (3.23)

Outside the unit ball, |[v,(x)| < r%(|x|* + 1) < ¥|x|* and |(x)| < |x|~*D/P=2 S0

1/r 1/r
fn”vf < f sl gl gy < r”(’f s 2ds < (3.24)
A 1 1

Finally, for the exterior region we estimate |v,| < 2 and find
o]
fn”|v,|p < f s lmap gl go < plHap o qap, (3.25)
E 1/r

Combining inequalities (3.23), (3.24) and (3.25) we conclude ||v,n|
inequality (3.22), completes the estimate for the low-high term.

@y S r® which, when combined with

It remains to show that |[yuy[|r@e < |[u[pzr@nr. The argument that showed ||v,7||Lr@n < 7 only used
the fact that  was rapidly decreasing, and hence we also find ||v,x||r@®: < 7*. Again using the estimate
|M{,}| < ||M‘ |C0,0(Rn)vr we Obtain

gy @ S |ullcongn | Devel @ < ||M\|F;">(R")ra~

This concludes the proof assuming s # ﬁ + 1. For the marginal case, let ' ;’g (R™) denote the closed subspace

of F;”(R") consisting of functions that vanish at zero, assuming of course that s > n/p. The proof when
s = n/p + 1 follows from interpolation if we can show

[F" B, F 5 Rl = FUg @) (-26)

assuming that s; > n/p fori = 1,2 and that 0 < 8 < 1 and s = s;(1 — 0) + s,6.
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Let ¢ be a compactly supported smooth function with ¢(0) = 1. For smooth compactly supported functions
u define Ru = u — u(0)¢. This extends to a continuous retraction F,”(R") — F S:g(R”) so long as s > n/p,
with the co-retraction being the natural embedding. The interpolation property (3.26) now follows from, e.g,
[Tr76] Lemma 6. O

3.3 Interior elliptic estimates

Elliptic operators for operators with coefficients in Triebel-Lizorkin spaces are defined analogously to Defi-
nition 2.18. This section contains our primary elliptic regularity result,

which relies on the following generalization of the rescaling estimates of Proposition 2.10. The proof of
these estimates is a little involved, so we record the result for now and defer the proof to Section 3.2.

The “regularity at a point” result, Proposition 2.20, admits a straightforward generalization. Note that
F37(Q) denotes the closure of D(Q) in F;”(R").

Proposition 3.20. Let Q C R" be a bounded open set. Suppose 1 < p,q < 0o, s € R, that d,dy € Zx>
with dy < d, that s > n/p, and that the conditions of Lemma 3.8 are are satisfied and hence SjU(F ;’p ) # 0.

Suppose additionally that L = 3}, ,|<4a" 0 is a differential operator of class EZO(F >7. Q) and that for some
x € Q that

Lo = Z a®(x)d,

|a|=m
is elliptic. Given (o,a,b) € SjO(F ;”’ ) there exists r > 0 such that B,(x) C Q and such that if
ue FZ:W* (B.(x)) and
Lu € F]-*(Q)

then u € F,"(Q) and

el gy 120l sy + 1l o1 (3.27)

with implicit constant independent of u but depending on all other parameters.
Proof. The proof is essentially the same as the proof of Proposition 2.20, with the following notes:

1. The proof of the natural generalization of Lemma 2.19 regarding the parametrix goes through now
using [Tr10] Theorems 2.3.7 and 2.3.8 in place of the Mikhlin multiplier theorem to establish the
desired continuity properties.

2. We replace the use of the rescaling result Proposition 2.17 with Proposition 3.10, which results in a
little simplification because the replacement result is sharper.

3. Fine parameters need tracking, but the changes are straightforward. When the Lebesgue parameter
is p the fine parameter is g, when the Lebesgue parameter is p* the fine parameter is ¢g* and for the
intermediate spaces the Lebesgue parameter is a and the fine parameter is b.
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The proof of the main interior regularity result for Bessel potential spaces, Theorem 2.21, carries over to the
Triebel-Lizorkin setting. The bulk of the new work consists of tracking the fine parameter.

Theorem 3.21. Let Q be a bounded open set in R" and suppose s, p,q,dy and d are parameters as in
Lemma 3.8 such that s > n/p and such that the conditions of Lemma 3.8 are satisfied so SjO(F JD) # 0.
Suppose L is of class L:‘d’O(F;‘p; Q) and is elliptic on Q. If u € F4=5""4 (Q) and Lu € Fz_d’“(Q) for some
(o,a,b) € S;’(](FZ’“) then for any open set U with U C Q, u € F)“(U) and

||M‘ F;:“'(U) $ ||LM||FZ—J,¢A(Q) + HMHFZ*—;_],,,*(Q). (328)

Proof. The proof follows that of Theorem 2.21 with the following changes needed to manage the fine pa-
rameter.

A bootstrap step starts with knowing u € F Z;’”A (Qy4) for some open set Q4 containing U and we wish to
improve these parameters to (0 g, ag, bg) while shrinking Q4. We assume:

Hl: o <o,

H2: l—z<i—@

g n - qg n’

H3: O’BSO'A+1,

pae L_Gatl 1 o8
qa n qB n

H5: if og = o then bg > b,

H6: if op = 04 + 1 then by > by.

Hypotheses (H1)-(H4) are exactly those of Theorem (2.21) expressed in terms of the notation of the current
result. Condition (HS5) is needed additionally to ensure F,“(Q) C FZBB’“B (Q). Similarly (H6) is the extra

hypothesis needed to ensure F I‘Z‘H’“" (Qu) CF Z;B’”B (Q4). If we additionally assume that (o4, aa, by ) satisfies
the conditions of Lemma 3.9 so that its commutator estimate applies, the bootstrap step argument of Theorem
2.21 then goes through with obvious changes and we obtain an open set Qp with U C Qp C Q4 such that
ueF ZBB’“B(QB) along with the estimate

H”HF;’:'“B(QB) Y ||L”||Fg—‘1’“(g) + [[ul FyA A @y)-

Now consider the bootstrap in the case dy = 0 where we pass through a sequence of regularity parameters
(o7&, ax, by) starting from (o-.ag, by) = (d — s — 1, p*, ¢*); we need not track the shrinking open sets. Focusing
for the moment only on the parameters o7 and ai, the bootstrap consists of three distinct stages:

1. The initial step arriving at (o1, a1, b1) = (d — s, p*, g*).

2. A low regularity stage that either

e preserves oy = d — s while lowering 1/a; by at most 1/n per step, or
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e preserves the Lebesgue regularity at the low value 1/p* — (d — s)/n while raising o by at most
1 per step.

At the end of the low regularity stage oy < o and g; = a.

3. A derivative improving stage where a; = a is fixed and o7 is raised by at most 1 per step until arriving
at its final value.

We now discuss the sequence of fine parameters by, which will in fact be set to ¢g* throughout the sequence
just described except at the last step, where it is set to its desired value.

1. The initial stage starts at (o7, ag,bo) = (d — s — 1, p*, ¢*) and wish to improve to (—d + s, p*, q*).
Because (o9 +1, ag, by) € Sg (F ;’p ), the commutator result Lemma 3.9 applies. Hypotheses (H1)—(H4)
hold for the same reasons as in Theorem 2.21. At this step, hypothesis (HS) reads “if d — s = o then
b < g*”, which is satisfied by the definition of Sg (F,"). Finally, hypothesis (H8) holds trivially. Thus
this first bootstrap step is justified.

2. During the low regularity stage we again preserve by = g* at every step. This is justified as follows
for the two possibilities:

e Consider a step where o = d — s and where 1/a; is lowered by at most 1/xn. Conditions (H1)—
(H4) are met for the same reasons as in Theorem (2.21) and condition (H8) is met trivially.
Condition (H7) is a restriction only if o = d — s, in which case it requires » < g*; this condition
is met by the definition of Sg (F ;'p ). We also need to ensure that the commutator estimate can be
employed, which can be done by showing that (o7, ax, by) = (d — s,ax,q*) € Sg (F*P). In fact,
the definition of 861 (F ;"’ ) permits the fine parameter to be ¢g* along the line o = d — s, even in the
marginal case s = d — s where the region § g (F ;’p ) collapses to a line segment. The remainder of
the justification of the commutator estimate is the same as in Theorem 2.21.

o Consider a step where the Lebesgue regularity is preserved at the low value 1/p* —(d —s)/n. and
where o7, is raised by at most 1; without loss of generality we can assume we raise o by less than
1. Hypotheses (H1)—(H4) are met for the same reasons as in Theorem 2.21. Condition (H6) is
always met because of our additional restriction on the step size. Condition (H7) only comes into
play if we are raising o7 to its terminal value, in which case we also set the fine parameter to its
terminal value b (and stop the bootstrap). We need to ensure that each non-terminal (o7, a, by)
lies in § g(F ;") in order to apply the commutator estimate, but this is ensured because a fine
parameter value of ¢* is always permitted along this line of Lebesgue regularity.

3. On a step where we raise o and leave a; fixed at its terminal value we can again assume we raise oy
by less than 1. Throughout this stage we again leave by fixed at g* except at the very last step. There
are no fine parameter restrictions that arise to allow the commutator estimate to apply, and hypotheses
(H1)—(H4) hold for the same reasons as in Theorem (2.21). Hypothesis (H6) is always met because
of our restriction on the step size and hypothesis (H7) only comes into play at the final step, where we
meet it by setting by, to its terminal value b.

At this point of the procedure we have arrived at the desired parameters (o, a, b), except in the marginal case
o = d — s in which case we are at (d — s,a,g*). Since o = d — s, the definition of Sg(F;’p) implies b < ¢*
and we can use this inequality to confirm that conditions (H1)-(HS8) hold if we perform one more bootstrap
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step to improve the fine parameter to its desired value b; note that the commutator result Lemma (3.9) is
available for this bootstrap step since (d — s,a,g*) € 361( F;”’),

Now consider the case where dy = 1. As in Theorem 2.21 it suffices to consider assume (o, a, b) € Sf(F ;”’
but (0, a,b) ¢ SJ(F;"). Starting from (o, a,b) we define (0, d’,b') € SI(F,") by setting b’ = max(q, b)
and then applying the following rules:

1. If o < s, leave o = o fixed but raise 1/a by at most 1/n to 1/a’ such that 1/a’ — o/n=1/p — s/n.

2. foc>sand 1/p — s/n < 1/a — o/n, lower o by at most 1 to s while simultaneously lowering 1/a
by at most 1/n so that the Lebesgue regularity 1/a — o/n = 1/a’ — ¢’ /n is unchanged.

3. Otherwise, (0, a) satisfies s < o < o + 1 and

1 s+1

P n

<

1
< - -
a

=19
S |-
S |w

and we set (o”,d’) = (s, p).

Note that we set b’ = max(q, b) to satisfy the fine parameter restriction on Sg (F, ;’p ) when ¢ = s. In all of

these three cases, F,"“(€) is contained in F Z,/’a/ (Q) and we can therefore apply the dy = 0 bootstrap to arrive
at (o”,d’,b'). Since (0”,d’,b') € S4(F,"), a computation shows that (¢’ + 1,a',b') € S¢(F,”) and hence
the commutator result from Lemma 3.9 can be applied starting from (¢, a’, b’). Hence we can apply one
round of the bootstrap starting from (o4, as, ba) = (¢”,d’, b’) to arrive at (o, ap,bg) = (0, a,b) so long as
hypotheses (H1)—(H6) are met. The first four are satisfied for the same reasons as in Theorem 2.21 and (HS)
is satisfied trivially since bg = b. Finally, (H6) is a restriction only if o = 04 + 1, in which case oo = s + 1.
But then, since (0, a,b) € Sld(F;’p), we have assumed ¢ < b and hence b’ = max(q,b) = b. So we are not
changing the fine parameter and condition (H6) is met. This completes the proof when dy = 1, and the result
for higher values of d; follows from iterating this argument. O

4 Coefficients in Sobolev-Slobodeckij Spaces

Sobolev-Slobodeckij spaces of functions on an open set 2 C R” are special cases of Triebel-Lizorkin spaces
as follows:

F;P(Q) seZ

F,P(Q) s¢Z.

Hence the results of Section 3 specialize to statements about Sobolev-Slobodeckij spaces, which we briefly
record here.

WHP(Q) = {

Definition 4.1. Suppose dy,d € Z>o with dy < d. A differential operator on an open set Q C R" of the form

a®dy,

do<|e|<d
is of class EZO(WS”’; Q) for some s € Rand 1 < p < oo if each

a® € werlel=dr ().
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Theorem 4.2. Suppose 1 < py, p», p < 00 and sy, s2, s € R. Let ri,ry and r be defined by

11 11
—-— -2 o2 and -=

1
rl_P1 n’ rn P2 n r p

Pointwise multiplication of C CX’(ﬁ) functions extends to a continuous bilinear map W*-P'(Q) x W*P2(Q) —
W*P(Q) so long as

s1+5 >0 4.1
min(sy, $) > o “4.2)
1 1
max(— —) < - 4.3)
ror r
1 1
—+—<1 4.4
r r
L “s)
18 r r

with the the following caveats:

o [nequality (4.5) is strict if min(1/ry, 1/r, 1 — 1/r) = 0.
o [fs=s5¢Z thenp=p;,i=12
o Ifs, 8 ¢Zands1+sz=0thenpi]+pl2 =1.

Proposition 4.3. Ler Q be a bounded open subset of R". Suppose 1 < p,q < oo, s > n/p, o € R and
d,dy € Z>o with d > dy. An operator of class EZO(W“’;Q) extends from a map C*(Q) — D'(Q) to a

continuous linear map W74(Q) —» WI=44(Q)) so long as

o€ld—s,s+dy
o 1 s+dy 1 d—s (4.6)

1
g n |p n 'p* n

and so long as:

o I[fs¢Zand o = s+ dythen g = p.
o I[fs¢Zand o =d — sthenq=p*.

Moreover, operators in L',ZO(WS’P : Q) depend continuously on their coefficients a® € WSP*lel=4(Q),

Definition 4.4. Suppose 1 < p < oo, s € Randd,dy € Z>o withd > dy. The compatible Soboley indices
for an operator of class EZO(WS’P ; Q) is the set

8§ (W) C R x (1,00)

of tuples (o, q) satisfying (4.6) along with the additional conditions at the end of Proposition 4.3 when
o=s+dyoroc=d—s.
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Lemma 4.5. Suppose 1 < p < oo, s € Randd,dy € Z>o withd > dy. Then SjO(Ws,P) is nonempty if and

only if
s > (d — dy)/2, and “@.7
1 s 1 @-d)2 4.8)
p n~ 2 n

with the additional condition when s ¢ Z that p = 2 in the marginal case s = (d — dy)/2. If S ZO(WW) is

non-empty then it contains (s + dy, p), (d — s, p*), and ((d + dy)/2,2). Moreover, if (0, q) € SjU(WS”’), then
we have the continuous inclusions of Fréchet spaces

WP (R C WIAR™) C WP (R?). 4.9)

loc
Theorem 4.6. Let Q be a bounded open set in R" and suppose s, p, dy and d are parameters as in Lemma 4.5
such that s > n/p and such that the conditions of Lemma 4.5 are satisfied so SZO(WS”’ ) # (). Suppose L is of
class EZO(W‘Y”’ ; Q) and is elliptic on Q. If u € Wa=sP"(Q) and Lu € WT=44(Q) for some (0, q) € SjO(WS”’ )
then for any open set U with U C Q, u € W4(U) and

HM| Wea(U) s HLM| Wo—da(Q) + HMHWd—s—l.p* (Q)- (410)

5 Coefficients in Besov Spaces

We establish results for operators with coefficients in Besov spaces, mirroring the developments of the
preceding sections. Recall from Section 3 the Littlewood-Paley projectors Py and P<;. Let 1 < p,qg < oo
and s € R. A tempered distribution u belongs to the Besov space B;’p R if

LEn T [Z zsqk”Pku|

k>1

Z/}(R")] < o0. (5.1

|[ul| g2 ey = | P<ol

On an open set Q C R”, the space B,”(Q) consists of the restrictions of distributions in B;”(R") to Q and is
given the quotient norm.

Embedding properties of Besov spaces can be found in [Tr10] Proposition 2.3.2/2, and Theorems 2.7.1 and
3.3.1 along with [Tr78] Theorems 2.8.1 and 4.6.1; we summarize these in the following proposition. The
important distinction here from Triebel-Lizorkin spaces is that when performing Sobolev embedding, the
fine parameter cannot be improved if the Lebesgue regularity 1/p — s/n stays fixed. This phenomenon is the
source of many of the additional fine parameter restrictions in this section beyond those of Section 3.

Proposition 5.1. Assume 1 < p, p1,p2,9,q1,q2 < o0 and s, 51, 52 € R, and suppose Q is a bounded open

set in R".

1. If 51 > 53 then By"(R") < By (R") and By"(Q) < B" ().

2. If g1 < qa then By’ (R") < BP(R") and B, (Q) < B,’(Q).
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3. If pi > p) then B (Q) < B;"*(Q).

4. If s, > s, and le — 2 =L 2 fhen By (R") < B (R") and B, "' (Q) < B ().

n " p

BN

5 0fs1> sy and - — 3 < - — 2 then By”' (Q) < B (Q).

n P2

6. If0<a <1 then B) " ®") — CO*®R") and B} """ (@) — C*(Q).

As noted previously following Proposition 3.1, although [Tr10] and [Tr78] only prove the embedding results
above for bounded domains when the boundary is smooth, the result for arbitrary bounded open sets is an
easy corollary.

Complex interpolation of Besov spaces ([Tr10] Theorems 2.4.7 and 3.3.6) follows the same pattern as for
Triebel-Lizorkin spaces.

Proposition 5.2. Assume 1 < p1, p2,q1,q> < 00 and s1, 52 € R, and suppose Q is either R" or is a bounded
C*® domain inR". For0 <6< 1,

(B, (Q), B, ()]s = By (Q)

where

1 1 1 1 1
s=1—-60)s +6s;, —=1-0—+60—, (1—-60—+6—.
p P1 D2 q1 q2

Duality for Besov spaces of functions on R” is analogous to that for Triebel-Lizorkin spaces; see [Tr10]
Theorem 2.11.2.

Proposition 5.3. Assume 1 < p,qg < co and s € R. The bilinear map D(R") x D(R") — R given by
(f,g) := fgfg extends to a continuous bilinear map B;"(R") x B;f’p (R") — R. Moreover, f + (f,-)isa

continuous identification of B;"(R") with (B;f’p T(RM)*.

5.1 Mapping properties

As for the other function spaces, mapping properties of differential operators depend on the rules for mul-
tiplication in Besov spaces. We recall the relevant result here, and give a self-contained proof in Appendix
B.

Theorem 5.4. Let Q be a bounded open subset of R". Suppose 1 < py, p2, p,q1,q2,q < 00 and sy, 53,5 € R.
Let ry, ry and r be defined by

1 1 1 1 1
-2 — —72, and - =

1
rl_P1 n’ rz_Pz n r . p

Pointwise multiplication of C*°(Q) functions extends to a continuous bilinear map B, (Q) x B(Q) —
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B;"(Q) so long as

min(sy, s2) > s

S]+S220
(1 1) 1
max|—,—| < —
rn n r
1 1
—+—<1
r rn
1 1 1
—r—< =
18 r r

with the following caveats:

o [fs=s;0r1/r=1/r for someithenl/q < 1/q;.
o I[fsi+s,=0o0rl/ri+1/ry=1thenl/q; +1/gy > 1.
e [f equality holds in (5.6) then

o min(1/r;,1/rp, 1 —1/r) #0.

o Ifmin(sy, s3) < O0then 1/qy +1/qo > land 1/q < 1/r.

o If s; has the same sign as min(sy, s,) for some i then 1/q < 1/gq;.
o If s; has the same sign as max(sy, s») for some i then 1/r; < 1/q;.
o lfs=0thenl/q < 1/q;and 1/r; < 1/q; for bothi=1,2.

1 11 11 1
o [fsi=s5,=5=0then — <min|—-, —|and max| -, — | < — forbothi=1,2.
q 2°r 2 r qi

1

(5.2)
(5.3)

54

(5.5)

(5.6)

The list of caveats above is extensive in comparison with Theorem 3.5, but the bulk of these occur when

inequality (5.6) is not strict, and we do not encounter this edge case in our applications.

Operators with coefficients in Besov spaces are defined analogously to those of Definition 2.4.

Definition 5.5. Suppose dy,d € Z> with dy < d. A differential operator on an open set Q C R" of the form

Z a®o,

dog‘af‘gd

is of class L’ZO(B;’p; Q) for some s € Rand 1 < p,q < oo if each

a® € By ().

Theorem 5.4 implies the following. Notably, in the computations that lead to this result, the caveats of

Theorem 5.4 concerning the edge cases 1/r; + 1/r, = 1/r and s; = s, = s = 0 never occur.
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Proposition 5.6. Let Q be a bounded open subset of R". Suppose 1 < p,q,a,b < oo, s > n/p, 0 € R
and d,dy € Z>o with d > dy. An operator of class £§O(BS""; Q) extends from a map C*°(Q) — D'(Q) to a

continuous linear map B, “(Q) — BZﬁd’”(Q) so long as

o€ld—s,s+dy

1 T 1 s+dy 1 d-—s (5.7
a n p n = p* n
and so long as:
—_ 1 o _ 1 s+dy 1 1
.1fO'—S+d0()}"E—;—F—Tﬂ’l€leézz.
° I]‘U:d—soré—%:#—%thenizq%.

Moreover, operators in EgO(B;"’ ; Q) depend continuously on their coefficients a® € Bf,fdﬂ%p (Q).

We have the following generalization of Definition 2.7.

Definition 5.7. Suppose 1 < p,q < 00), s € Rand d,dy € Z>o withd > dy. The compatible Sobolev
indices for an operator of class Ejo (By": Q) is the set

S4By S R x (1,00) x (1,00)
of tuples (o, a, b) satisfying (5.7) along with the additional conditions at the end of Proposition 5.6 in any of

the boundary cases o0 =s+dy, o =d— s, 1Ja—o/n=1/p—s/norlja—o/n=1/p* —(d— s)/n

The analogue of Lemma 2.8 in the Besov context is the following.

Lemma 5.8. Suppose 1 < p,q < oo, s € Rand d,dy € Z>o withd > dy. Then SgO(B;;”’) is nonempty if and
only if

s > (d —dy)/2, and (5.8)
1 s < 1 (d—dy)2 (5.9)
p n~ 2 n

with the additional condition q < 2 in each of the marginal cases s = (d — dy)/2 and ]1) - = % — W.

IfSZO(BfI’p) is non-empty then it contains (s + do, p,q), (d — s,p*,q"), and ((d + dy)/2,2,2). Moreover, if
(o,a,b) € SjO(B‘;’p ), then we have the continuous inclusions of Fréchet spaces

Bl P(R") C By (R") C B (RY). (5.10)

g,loc g*,loc

The following commutator result is the analogue of Lemma 3.9

Lemma 5.9. Suppose 1 < p,q,a,b < oo, s>n/p,oc € Randd,dy € Z>y withd > dy. Let Q be a bounded
open subset of R" and let L be an operator of class Ejo (B';’p ; Q). If ¢ € D(Q) then [L, ¢] extends from a map
C=(Q) — D'(Q) to a continuous linear map B(Q) — Bz_d“’“(Q) so long as (o + 1,a,b) € SjO(B;:”’).
Moreover, if dy = 0, the same result holds if (o, a,b) € Sg (B;’p ).
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Proof. The proof is a computation using Theorem 5.4 that parallels that of Lemma 3.9. The only difference
is that there are three additional fine parameter restrictions that arise. In the notation of Theorem 5.4, these
occur when r = r;, when 1/r; + 1/r, = 1 and when 1/r; + 1/r, = 1/r. Under the given hypotheses, the last
of these conditions never occurs, and in remaining two cases the fine parameter restrictions are met for the
same reasons as the analogous restrictions are met when s = s; and when s, + s, = 0 in Lemma 3.9. O

5.2 Rescaling estimates

The same argument used for Triebel-Lizorkin spaces shows that rescaling u + uy,} is a continuous auto-
morphism of Besov spaces, and we wish to generalize the associated estimates of Theorem 3.10 to the Besov
setting. This could be accomplished by suitably modifying the arguments of Section 3.2, but we can prove
the desired results as a corollary of the Triebel-Lizorkin estimates using the following real interpolation
property, which follows from [Tr10] Theorem 2.4.2.

Proposition 5.10. Assume 1 < p,qi1,q2,q < o0 and s1, sy € R with sy # s5. Suppose 0 < 0 < 1 and let
s = (1 —0)sy + 0s,. Then
[Fy P (R, FP (R, = By (R").

Proposition 5.11. Suppose 1 < p,q < oo, s € R and that y is a Schwartz function on R". There exists a
constant @ € R such that forall0 <r < landallu € Bf]’p(R”)

Dy s < 7 [ullgsr .- (5.11)

Specifically:

1. Inequality (5.11) holds with
a = min(s — E,O)
p

unless s — n/p = 0, in which case it holds for any choice of a < 0, with implicit constant depending
on a.

2. If s > n/p (in which case functions in B;"(R") are Holder continuous) and if u € B,"(R") with
u(0) = 0, then inequality holds with
a = min(s — E, 1)
p

unless s — n/p = 1, in which case it holds for any choice of a < 1, with implicit constant depending
on a.

Proof. Suppose s < n/p. Pick € > 0O such that s; = s+ € < n/p as well, and let s, = s — €. From real
interpolation with endpoints F,"”(R") and F,""(R") along with Proposition 3.10 we find

n n

[lurlgyr ey < rlsi=3)+3(2—3)
q

_n
|uHBf,"’(]R") =r ”||”||B;~"(R~)-

A similar and easier proof works when s > n/p and the marginal case s = n/p can be handled by inter-
polation between endpoints with differentiability s; and s, taken arbitrarily close to s, as in the proof of
Proposition 2.17.
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For the improved estimate in the Holder continuous case, we let F ;g (R") be the closed subspace of F;”(R")

of functions that vanish at 0, assuming of course that s > n/p. The spaces B;’g are defined similarly. The
same argument as at the end of the proof of Proposition 3.19 shows that

[F oo™, F g ]eg = BG(R") (5.12)

assuming that s; > n/pfori = 1,2 and that 0 < 6 < 1 and s = (1 — 8)s; + 0s,. Using this interpolation
property, the proof of the improved estimate now follows exactly as in the generic case. O

5.3 Interior elliptic estimates

Elliptic operators with Besov space coefficients are defined analogously as in Definition 2.18. The following
“regularity at a point” result is proved identically as for Proposition 3.20, using the fact that the parametrix
result Lemma 2.19 is proved identically for Besov spaces. Note that E;’p () denotes the closure of D(Q) in
B, (R™).

Proposition 5.12. Let Q C R" be a bounded open set. Suppose s € R, 1 < p,q < oo, that d,dy € Zx>
with dy < d, that s > n/p, and that the conditions of Lemma 5.8 are are satisfied and hence SjO(B;;’p ) # (.

Suppose additionally that L = 3}, 1<q a®d, is a differential operator of class EZO(B;’p ; Q) and that for some
x € Q that
Ly= ) a"(x)da

|er[=m
is elliptic. Given (o,a,b) € SZO(F;”’) there exists r > 0 such that B,(x) C Q and such that if
ue B (B(x) and
Lu € B Q)
then u € B)“(Q) and

HM| Bg‘u(ﬂ) < ‘|LMHBZ-7""'(Q) + ||MHBZ*—X—LP*(Q) (513)

with implicit constant independent of u but depending on all other parameters.

With the previous proposition established, local elliptic regularity is proved using the same techniques as in
Theorem 3.21, taking into account extra fine-parameter restrictions that arise for Besov spaces.

Theorem 5.13. Let Q be a bounded open set in R" and suppose s, p, dy and d are parameters as in Lemma
5.8 such that s > n/p and such that the conditions of Lemma 5.8 are satisfied so SjO(B;’p ) # (0. Suppose

L is of class ,CZO (By"; Q) and is elliptic on Q. If u € BZ: SPQ) and Lu € Bzfd’“(Q) for some (o, a,b) €
SZO(B;’P ) then for any open set U with U C Q, u € B“(U) and

||MHBZ'~“(U) < HLMHBZid’"(Q) + ||M‘ BZ;A*],p*(Q)- (514)

Proof. The proof very closely follows that of Theorem 3.21, and we list here the additional steps needed to
further manage the fine parameter.

In addition to conditions (H1)—(H6) from that proof, the bootstrap step requires two more hypotheses to
ensure the needed embeddings:
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H7: if L — 2 =
B n

a

— % then bg > b,

1
a

H8: if L — 28 = L _ 9atl then py > by

ap n aa

For the stages of the main bootstrap for dy = 0 from Theorem 3.21 we make the following adjustments

1. In the initial step from (o, ag, by) = (d—s—1, p*,q*) to (o1, a1, b1) = (d—s, p*, ¢*) hypothesis (H8)

d—s 1 a

is met trivially and hypothesis (H7) only yields a restriction if pl — — = - — % in which case it

n a n’

requires b < g*. But this fine parameter restriction is met because (o, a,b) = (d — s,a,b) € Sg(B;;”’ ).

2. During the low regularity stage we again preserve by = g*.

o If we preserve o = d — s and lower 1/a; we can arrange to do so by less than 1/n. In this
case hypothesis (H8) is met automatically. Hypothesis (H7) only applies if o = d — s and only
on the last step where we lower 1/ay, in which case we set the fine parameter to its final value
(satisfying (H7)) and the bootstrap stops. All other aspects of this stage are justified identically

to Theorem 3.21.

o If we preserve the Lebesgue regularity 1/p* — (d — s)/n and raise o then hypothesis (H8) is met
automatically. Hypothesis (H7) provides a restriction only if 1/a — o /n = 1/p* — (d — s)/n, in
which case we have assumed b < ¢* from the definition of S(‘)’ (B‘;”’ ) and condition (H7) is met.
We need to ensure that the iterates (o7, a, by) all remain in S g (B;;"” ) in order for the commutator
result Lemma 5.9 to apply. Indeed, the line of Lebesgue regularity 1/p* — (d — s)/n is associated

with a fine parameter restriction, but it is always met by keeping by = g*.

3. In the final stage we raise oy (by less than 1 per iteration) while keeping a; = a. Again we preserve
by = g except at the final step. Hypothesis (H8) is met because of the step size restriction and
hypothesis (H7) is a restriction only at the last step, at which point it is satisfied by setting the fine

parameter to its terminal value b.

At the end of this procedure, the bootstrap has stopped at its desired value except in the two marginal cases
o=d—sand 1/a—o/n=1/p* —(d— s)/n, in which case we have arrived at (o, a, g*). In both these cases
the definition of Sg(BfI"" ) ensures that b < ¢*. Using this inequality, one readily verifies that hypotheses
(H1)—(HS) hold if we perform one more bootstrap step to improve the fine parameter to its final value b. As
in the proof of Theorem 3.21, one needs to verify that the starting regularity (o, a, ¢*) for the bootstrap lies
in Sg (B;") s0 as to use the commutator result Lemma 5.9, but this is always met for the fine parameter ¢*
on the two marginal lines 0 = d — s and 1/a — o/n = 1/p* — (d — s)/n. This completes the proof when

do = 0.

Now consider the case dy = 1. Arguing as in Theorem 3.21, we can apply the dy = 0 bootstrap to arrive at

some (¢o,a’,b') € Sg(Bf]’p ) where b’ = max(q, b) and where (0, a’) is obtained from (o, a) as follows:

1. If o < s, leave ¢’ = o fixed but raise 1/a by at most 1/nto 1/a’ such that 1/a’ — o/n=1/p — s/n.

2. If o > sand 1/p — s/n < 1/a — o /n, lower o by at most 1 to s while simultaneously lowering 1/a

by at most 1/n so that the Lebesgue regularity 1/a — o/n = 1/a’ — ¢’ /n is unchanged.
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3. Otherwise, (0, a) satisfies s < o < o + 1 and

1 s+ 1

1
- <=
)4 n a

319
< | =
|
S|

and we set (o”,ad’) = (s, p).

Note that we set b’ = max(q, b) to ensure that the fine parameter restrictions of Sg(BfI”’) along the lines
o' =sand 1/a’ — o'/n = 1/p — s/n are met. Since B “(Q) embeds in BZ,/’”/ (Q) we can initially apply the
dp = 0 bootstrap to arrive at (o', a’,b"). At this point we wish to apply a single bootstrap step to terminate
at (o, a,b). Since (¢/,a’,b") € SJ(B,") a computation shows (¢’ + 1,a',b0') € S(B;") and hence the
commutator Lemma 5.9 is available starting from (¢”, a’, b"). Hence we can perform the desired bootstrap
step if we show that hypotheses (H1)—(H8) hold with (o4, aa, bs) = (¢”',d’,b’") and (o, ag, bp) = (o, a, b).

Conditions (H1)—(H4) hold for the same reasons as in Theorem 2.21 and conditions (H5) and (H7) hold
trivially since we are setting the fine parameter to b. Condition (H6) holds for exactly the same reason
as in Theorem 3.21. Finally, condition (H8) implies a restriction only in cases (1) and (3) and only when
1/a—o/n =1/p — (s + 1)/n. But then (o, a,b) € Sf(B;;”’) is a spot where the fine parameter restriction
g < b holds and hence b’ = max(g, b) = b already. Hence condition (H8) is met.

This concludes the proof when dy = 1 and the result holds for higher values of dj by iterating this argument.
O

A Multiplication in Triebel-Lizorkin Spaces

We prove the multiplication rules for Triebel-Lizorkin spaces, Theorem 3.5, which we restate here for con-
venience.

Theorem 3.5. Let Q be a bounded open subset of R". Suppose 1 < p1, p2, p,q1,92,q < o0 and sy, s2, 5 € R.
Let ry, r, and r be defined by

1 1 1 1 I 1
J— __ﬂ _=__2’ and _ - —

s
= P’ .
- pi n o P2 n r p n

Pointwise multiplication of C*(Q) functions extends to a continuous bilinear map F,""' (Q) x F 27 (Q) —
F ;’p (Q) so long as

si+5 >0 (A.1)
min(sy, $) > § (A2)
1 1 1
max(—, —) <! (A3)
ry n r
1 1
—+—<1 (A4)
r p)
1 1 1
— 4+ — S — (AS)
rt r r

with the the following caveats:
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Inequality (A.S) is strict if min(1/r, 1/r, 1 — 1/r) = 0.

If s; = s for some ithen 1/q < 1/gq;.

1 1

If si+ sy =0then — + — > 1.
91 92

o I[fsi=s5,=5=0then — <

< —fori=1,2

1
qi

Q|-
NI —

The proof is broken into a number of cases depending on the value of min(s;, s;). Propositions A.5 and
A.6 cover the case min(sy, sp) > 0, Proposition A.7 is the case min(si, s;) < 0 and the remaining case
min(si, s) = 0 is the content of Proposition A.8.

These results all build on the following two lemmas, which concern multiplication of spaces having the
same number s > 0 of derivatives and the same fine parameter, but where the Lebesgue parameters vary.
The lemmas employ the same elementary Littlewood-Paley techniques used in Section 3.2.

Lemma A.1. Suppose 1 < pp < p; <00, 1 < g < o0, s € Rands > n/pi. Givenu € F;”"(R") and
v e F;P(R™M), both supported in Bg(0) for some R > 0, uv € Fy”(R") and

||“VHF;"’2(R~) S ||“HF;"’1 (Rn)”VHF;"’Z(R")-

The implicit constant depends on s, pi1, p» q and R but is independent of u and v.

Proof. Since s > 0, Proposition 3.11(5) implies

[|uev]

rren S V]| g +

1/q
D |25kPk(uv)|q} .
LP2(R™)

k>10

For the low frequency component we use the fact that s > n/p and Proposition 3.1 twice to conclude

[|uv]

@y S [u][ oo oy V][ 72y S H“HF;""(R")HV| F;2 R

Turning to the high-frequency component we use the Littlewood-Paley trichotomy Proposition 3.11(6), to
conclude for any k > 10

Pyuv) = Pe| (P at)(Pev) + (Pia)(Pgasv) + > (Pou)(Ppv) (A.6)
K >k+4

low-high high-low

high-high
where ﬁk = P;_3<.<k+3. For the low-high contributions we use Proposition 3.11 parts (4) and (3) to conclude

l/q

l/q
Z |2SkPk((P§k—4u)(FkV))|ql S [Z |2Sk(P§k—4”)(FkV)|q
LP2(R7)

k>10 k>10

L2 (R

1/q

S |[Mul| oo @) [Z 2% Pyl
£>10

Lr2(R7)
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Since s > n/p, ||Mu||p@n < ||u]|Le@n) < ||ul| Fo71 - Moreover the triangle inequality implies

1/q
skp . .1q < s
[Z 2Py < Ml
k>10 L)
and we conclude that the low-high interactions are controlled by ||u| i @) [v] P gy

To analyze the high-low term we set
1 1 1

i P2 D
and observe that since p; > p;, 1 < t < oco. The estimate now proceeds similarly to the low-high case:
using Proposition 3.11 parts (4) and (3) along with Holder’s inequality and the Hardy-Littlewood maximal
inequality we find

1/2 1/q
Z |2‘kPk((ﬁku)(P<k+5v))|2} < {Z 12 (Pan)| 7| | M|
k>10 LP2(R") k>10 LP2(R™)
1/q
< {Z 2 P’ e
k>10 LP1 (R
RS H“HF;""(Rn) V|-

Since s > n/p; we have
1 1 1 1 s

tp opppon
So Sobolev embedding and the bounded support of v imply

IVllz@n S 1|2z gy

with implicit constant depending on the radius R of support. We conclude that the low-high terms are
controlled by ||u|

F;«I’] (R”)| ‘V‘ F(-;J’Z (R")*

Finally, for the high-high contributions we start by applying Proposition 3.11 parts (4) and (3) to obtain

q11/q qql/q
Z ZSkPk[ Z (Pk/u)(ﬁk/v] < |MM‘ Z 2Sk[ Z (ﬁk/VJ
k>10 k' >k+4 k>10 k' >k+4
LP2(R") LP2(R™)
1/q
-~ q
< Mgy Y27 | 3 [ (P }
a>4 k>10 P2 (R
< HMM||Lco(Rn) V| F;,ﬁz(R”) szsa.

a>4

Since s > 0 the sum is finite, and we have already seen that |[Mul|rec@n < [|ul|zsn g So the high-high
q

terms are also controlled by ||u| Fom @nlvl |F;-”2 @ as needed. O
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Lemma A.2. Suppose s >0, 1 <p < p, < p; <o, 1 <g<ooands <n/py. Suppose moreover that
1 1 1
L (A7)
p p1 p2 N

Givenu € F;”' (R") and v € Hy"*(R"), both supported in Bg(0) for some R > 0, uv € F,”(R") and

||”V||F;"’(R") S H”HF;""(Rn) VHF;"’Z(Rny

The implicit constant depends on s, pi1, p», q and R but is independent of u and v.

Proof. The proof follows the pattern of Lemma A.1. First apply Proposition 3.11(5) to obtain

1/q
Z |25kPk(uv)|q] :
LP(R)

||”VHF;”’(R") S lwll o +
k=10
To estimate the low frequency term define
1 1 1
== (A.8)
rp p2

and observe 1 > 1/p > 1/t > (1/p;) — (s/n) > 0 by inequality (A.7) and the hypothesis s < n/p;. Sobolev
embedding and the fact that u is supported on Bg(0) then imply

£ Gy (A.9)

|l oy S [|ue]

and we conclude from Holder’s inequality

vl ooy S el len V] 2@y S el oo gy V]| o2 gy
As in the proof of Lemma A.1 the high-frequency term is split into three terms using the Littlewood-Paley
trichotomy, Proposition 3.11(6); see equation (A.6). For the low-high contributions we use Proposition 3.11

parts (4) and (3) together with the Hardy-Littlewood maximal inequality to obtain

1/q 1/q
> 23"Pk(<ng_4u>(Fkv)>|‘f} <[ D0 2% Pk ar(Piv)|?
Lr(Rm)

k=10 k>10 Lr@®?
1/q
< ||| Mul lz 125 Pv|?
k>10 @)
< || Mul| gy VHF;’”Z(R")

5 ||”||L’(R")HV||F;‘”2(R")

where ¢ is again defined as in (A.8). From inequality (A.9) we conclude that the low-high interactions are
controlled by ||u| v

5P pom 52 o -
F, @ FyP2 @)

The estimate for the high-low contributions proceeds identically to that for the low-high contributions with
the minor change that in equation (A.8) we replace p, with p;.
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Turning now to the high-high contributions we define ¢ as in equation in (A.8) and apply Proposition 3.11
parts (4) and (3) to obtain

q11/q q11/q
Z 2skPk( Z (Pk/bt)(Fk/V)] ] < ‘MM| Z 25k[ Z (Fk’v]
£>10 K >kt £>10 K >ktd
LP(R") LP(R")
1/q
~ q
< ||MMHU(R")227M [Z o stk+a) (Pk+aV)| }
a>4 k>10 LP2(R")
< lullw@nl IVl gy D 27
a>4

Since s > 0 the sum is finite, and we have already seen that ||u|| @) < ||u||fs»1 g SO the high-high terms
Fy7 (R

are also controlled by ||ul| Fi @) V| Fi @) as needed. O

Having established the technical core of the theory, it remains for us to build a conveniently accessible
interface in the form of Theorem 3.5. We now turn to a sequence of results that prove the theorem by cases
based on the sign of min(sy, s5), and for brevity we establish the following standing hypothesis.

Assumption A.3. Suppose

o Q C R"is a bounded C* domain,
® 51,5,5 €R,

o l<pi,pp<oo,

o 1 <qi,q2,9 < o0.

Moreover; define

1 1 1 1 1
-7 — —ff, and - =

1
r1_P1 n’ rz_Pz n r p

Note, in particular, that Assumption A.3 supposes that Q has a smooth boundary. This hypothesis is made
for convenience, and the proof of Theorem 3.5 follows for general bounded domains from the smooth case
using a straightforward extension argument based on the quotient space definition of the relevant spaces.

The following result is mostly a translation of Lemmas A.1 and A.2 into the hypotheses of Theorem 3.5.

Proposition A.4. Assume the multiplication hypothesis A.3 and that s = s, = s > O and q1 = q2 = q.
Pointwise multiplication of C*°(Q) functions extends to a continuous bilinear map F;" (Q) x F;7(Q) —
F ;’p Q) so long as

11 1
max(—,—) < - (A.10)

ry n r

1 1 1
—+—<= (A.11)

rt r r

with the final inequality strict if min(1/ry, 1/r;) = 0.
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Proof. Using an elementary extension and cutoff function argument, it suffices to show

|uv|| oy < || F,‘;”"(R”)Hvl Fi2 @) (A.12)

whenever u € H*P'(R") and v € H*P?(R") are supported in Bg(0) for some R > 0.

Suppose min(1/ry, 1/r;) # 0. Without loss of generality, we can assume 1/7; = min(1/r, 1/r;). Suppose
1/r1 < 0. Since 1/r; < 1/rpy < 1/r it follows that 1/p; < 1/p, < 1/p and Lemma A.1 together with
Proposition 3.1 implies

[|uv]

e S H”VHF;’”Z(Rn) < | ul FyP (R VHH;"’Z(RW

Next, assume 1/r; > 0. Since 1/r; + 1/r, < 1/r, inequality (A.7) holds and the result follows from Lemma
A2

Finally, consider the threshold case 1/r; = 0, so min(1/r;,1/r;) = 0. We have therefore also assumed
1/ri + 1/, < 1/r and can lower p; and p, slightly to p; and p, so that

1/ + 1/ < 1/r (A.13)

remains true. Notice that min(1/71,1/7,) > 0, and hence inequality (A.13) also implies max(1/#,1/#) <
1/r. We have therefore already established continuity of multiplication F;”'(Q) x F,;”*(Q) — F;”(Q) and

the result follows from the continuous embedding F,”' (Q) x F;”(Q) < F ;”3 Q) x F ;’ﬁ 2(Q). O
Using Sobolev embedding we can now relax the requirement s; = s, = s and g; = g2 = ¢, noting that a fine
parameter restriction arises if s = s; for some i.

Proposition A.5. Assume the multiplication hypothesis A.3 and that sy, s», s > 0. Multiplication is continu-
ous Fy "' (Q) x F 2P (Q) — F,P(Q) so long as

s < min(sl,sz) (A]4)

1 1 1
max(—,—) < - (A.15)

r r r

1 1 1
—+—<- (A.16)

ry r r

with the following caveats:

o Inequality (A.16) is strict if min(1/ry, 1/ry) = 0.

o [fs; = s for someithen q > gq;.

Proof. First, suppose min(1/ry, 1/r,) > 0. Define t;, t, by
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Since s; > 5 > 0,
1

T

| —

0<—-—<-X<

1
— <1
i Di

~

so by Sobolev embedding (Proposition 3.1) we have

FP1(Q) x FP(Q) < F(Q) x F32 ().

q2

Note that this is the point where we used the caveat ¢; < g if s; = 5. Because the value of 7; is preserved
in the transition from p; to ¢;, the hypotheses of Proposition A.4 are satisfied and we have continuity of
multiplication F;"'(Q) x F;*(Q) — F,;(Q).

Now suppose min(1/r;, 1/r;) < 0; without loss of generality we can assume 1/r; < 1/r, and therefore
1/r; < 0. Using the hypotheses s < s, 1/r > 1/r; and ¢; < g if s = s, we know from Sobolev embedding
that F,2"*(Q) < F,”(Q). Hence it suffices to prove that multiplication is continuous

FpP'(Q) x FP(Q) — FP(Q).
Proposition A.4 implies multiplication is continuous
Fl(Q) x F;P(Q) — FP(Q)

if £ € (1, 00) satisfies

IA
S|«

(A.17)

S =

~ = S =
A

S|y I

Hence we need only show that F’ ;;’p '(Q) embeds into F' ;”(Q) for some ¢ satisfying conditions (A.17).

There are two cases depending on the value of

If # > 0 we take ¢t = £ and observe that since s; > s, ¢t > 1. Sobolev embedding (using the hypothesis
g1 < qif sy = s) implies Fy;”'(Q) < F,;'(Q). Inequalities (A.17) follow from the the observations
1/t —s/n=1/p; — s1/n <0and

Suppose instead 7 < 0. Now we simply choose any ¢ > 1 satisfying conditions (A.17). Sobolev embedding
FpP'(Q) — F ;” (©2) now follows from the inequality 7 < 0 (noting that this can only happen if s; > s and
hence the fine parameter plays no role).

The proposition is now proved except in the marginal case min(1/ry, 1/r;) = 0. In this case we have assumed
1/r1 + 1/r; < 1/r and consequently 1/r; < 1/r, i = 1,2. Just as in Proposition A.4 we can lower p; and p,
slightly while maintaining these strict inequalities, and the result follows from our previous work. O

We now extend Proposition A.5 to the case s < 0 while still assuming min(sy, sp) > 0. The proof relies on
the embeddings
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o L'(Q)— F; (Q)if s<Oand 1/p* +s/n <0

o LYQ) — FyP(Q) foranya > 1if s <0and 1/p* + s/n=0
which are proved by extending functions on Q by zero to all of R” and applying duality on R”, Proposition
3.20, along with Sobolev embedding on R”.

Proposition A.6. Assume the multiplication hypothesis A.3 and that s1, s, > 0 and s < 0. Multiplication of

C>(Q) functions extends to a continuous bilinear map Fy; "' (Q) x F7(Q) — Fy'(Q) so long as

1 1
max(—,—) < - (A.18)
ry n r
1 1 1
i< (A.19)
ry r r
1 1
i< (A.20)
. n

with the following caveat:
o [nequality (A.19) is strict if min(1/r, 1/rp, 1 — 1/r) = 0.

Proof. First, suppose 1/r < 1. Choose 1/t € (0,1) and o > 0 such that o < min(sy, s) and such that
(1/t) — (o/n) = 1/r. This is possible because of the strict inequality 1/7 < 1. Proposition A.5 and Sobolev
embedding then ensure the continuity of multiplication

FPH(Q) x FP(Q) — FT(Q) < FP(Q).

Now suppose 1/r > 1. Since 1/p* + s/n = 1 — 1/r < 0, from the comments before the start of the
proposition it suffices to show show that product embeds continuously in L'(€2), and the hard case occurs
when min(1/ry, 1/r;) > 0. But then Sobolev embedding implies F;j’pi(Q) < L Q). Since 1/r; + 1/, <
1/r < 1, the result follows from Holder’s inequality.

Finally, suppose 1/r = 1. Now Sobolev embedding implies F,."” (Q) — LI(Q) forall 1 < co. So it
suffices to show that the product embeds continuously in L*(Q) for some a > 1 and again the hard case
occurs when 1/r,1/r, > 0. Since 1 — 1/r = 0, min(1/r;,1/r,,1 — 1/r) = 0 and we have hence assumed
1/ri +1/r, < 1/r = 1. Arguing as in the case 1/r < 1, the product lies in L*(Q) with 1/a = 1/r; + 1/r;. The
proof is complete, noting that the assumption 1/r; + 1/r, < 1 implies a > 1 as required. O

The previous two propositions establish Theorem 3.5 if min(s;, s5) > 0. The case min(s, s3) < 0 follows
from a duality argument.

Proposition A.7. Assume the multiplication hypothesis A.3 and that min(sy, sp) < 0. Multiplication of
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C>(Q) functions extends to a continuous bilinear map Fy; "' (Q) x F7(Q) — F;'(Q) so long as

S1+8 >0 (A.21)
s < min(sy, 57) (A.22)
1 1
max (—, —) < - (A.23)
r o n r
1 1 1
—+—< = (A.24)
r mn r
1 1
—+—<1 (A.25)
r r

with the following caveats:

o [nequality (A.24) is strict if min(1/ry, 1/r, 1 — 1/r) = 0.
o [f s = s; for some i, then q; < q.

01fs1+52=0then%+é21.

Proof. Without loss of generality we can assume s; < 0, in which case s, > 0. Note moreover that s < 0
since s < s7.

We first show continuity of multiplication
$2.P2 —s.p* —s1.py
Fg77(Q) X F .20 () — FLIT Q).
Since 55, —s, —s; > 0 we need only verify the conditions of Proposition A.5. These read

—s51 <5

—51 < —s

1 S2<1 S1

p2 n P n
1 K 1 $1
—_ =< — —
p* n~pl n
1 $2 1 -5 1 — 51
pp n p* n T ppon
with the final inequality strict if min(> — 2, & — 3*) = 0 and additionally
q <q; if—s=—s,

g < g7 if sy =—s1.
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These conditions can be rewritten

0 <51+ 85
s < s = min(sy, 52)
1 1

_Sl__
r r
1 1
l——-<1-—
r r

1 1
_+L“§1,l
) r

with the final inequality strict if min(1/7,,1 — 1/7) = 0 and additionally

q Z q1 if s = S1,
1 1 .
—+—2>1 ifs;+s5=0.
q  q
Note that since 1/r; > 0, min(1/r,, 1 — 1/r) = 0 if and only if min(1/ry, 1/r, 1 — 1/r) = 0. Hence we have
assumed all of these conditions.

The result now follows from a duality argument. Suppose u; € F, ;p "(Q), i = 1,2. We define an element
z € F,7(Q) as follows. Let i; be an extension to R” that has support in some large ball Br(0) independent of
vy Givenw € F.*P "(R™), the product ii;w is an element

the functions u;, such that ||| g e < [[ui]

of F q_f' Pr (B2r()) by the argument above, and because of the support of i, in Bg(0), it extends continuously
1
by zero to an element of F(;Sl’p "(R"). Using duality pairing on R"” we define f(w) = (iipw, ii;) and one
1

readily verifies the estimate

(A.26)

lfw)] < |‘u1‘|F;}""(Q)|‘”2| Fjlg"’Z(Q)HW‘|Fq—*w*(Rn)
and hence f determines an element of F' ;’p (R™). Let z be its restriction to . A routine computation shows
that z is independent of the choice of extensions, depends bilinearly (and via (A.26) continuously) on the

factors u;, and that if #; and u, are smooth, then z is simply the product u;u,. O

It remains to establish Theorem 3.5 when min(sy, s,) = 0.

Proposition A.8. Assume the multiplication hypothesis A.3 that min(sy, s2) = 0. Multiplication is continu-

ous Fy;"'(Q) x F2”(Q) — F,7(Q) so long as

11 1
max (—, —) < - (A.27)
ry n r
1 1 1
i< (A.28)
rt r r

with the following caveats:
o [nequality (A.28) is strict if min(1/r, 1/rp, 1 — 1/r) = 0.
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o [fs; = s for some i then q > q;.
_ 1 1
) Ifs1+sz—0thena+521.

o I[fsi=s,=5=0thenq,q» <2andq > 2.

Proof. Without loss of generality we can assume s; > s, = 0.

Suppose first that s; > 0 and s < 0. By a duality argument analogous to the one at the end of Proposition
A.7 it suffices to show that multiplication is continuous Fy;”"(Q) x F {;S’p Q) = F g;p 2 (€). Proposition A.6
ensures this is possible so long as “

1 1 1 K 1 1 1 K 1 1 K 1
—<—, —+-<—, —+—+-, —+—-+-<—
rnop, p* on - p, rnop* n . p* np,
with the final inequality strict if min(1/r, 1/p* + s/n,1 — 1/p3) = 0. But these are equivalent to
1 1 1 1 1 1 1 1 1
—+—<1, —<=, —<I, —+—<-
ry r r r r r ry r r

with the final inequality strict if min(1/ry,1 — 1/r, 1/r;) = 0, which were all assumed.

Now consider the case s; > 0 but s = 0. Pick € > 0 so that € < s and so that

1 1 1 1
=48 == S50
151 n n %) r n

1 1 1 1

— =15 — =-S5
T1 r n T2 r n

This collection of inequalities can be satisfied because 1/, = 1/p, € (0,1) and because 0 < 1/r, < 1/r =
1/p < 1. An easy computation shows that Proposition A.5 ensures continuity of multiplication

FP(Q) x FEM(Q) — FEM(Q);

note that this uses the hypothesis ¢ > g, which we have assumed since s, = s = 0. Similarly, Proposition
A.7 ensures continuity of multiplication

FJPH(Q) x Fo(Q) — F 9 (Q).

The result now follows from interpolation, noting that %(% + é) = % = p—12 and 3L +1)=1=

Finally suppose s; = 0 and s < 0. By duality it suffices to prove multiplication is continuous
Fol'(Q) x F*7 (@) = Fo* Q).

This follows from the case just considered, noting that we pick up the requirement, g; < gj, which is
equivalent to 1/g; + 1/g> > 1, which we have assumed since s; + s, = 0.

All that remains is the case s; = s, = s = 0. We have the obvious consequence of Holder’s inequality:

Fol'(Q) x Fg*(Q) = LM (Q) x LP(Q) — LP(Q) < Fy(Q).

2

ifgi,qp <2,g>2,and 1/p; + 1/py < 1/p. It is perhaps surprising that this cannot be improved ([ST95]
Corollary 4.3.1(ii)). O
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B Multiplication in Besov spaces

We prove the following multiplication theorem for Besov spaces following a strategy similar to that of
Appendix A.

Theorem 5.4. Let Q be a bounded open subset of R". Suppose 1 < p1, p2, p,q1,q2,q < oo and sy, 52,5 € R.
Let ry,ry and r be defined by

1 1 1 1 1 1
1.t s L1 s o1 1

S
= , = Z.
r P1 n n P2 n r p n

Pointwise multiplication of C°°(Q) functions extends to a continuous bilinear map B, (Q) x B(Q) —
B;"(Q) so long as

min(sy, $) > (B.1)
ST+ 85 > 0 (BZ)
1 1 1
max (—, —) < = (B.3)
ry r r
1 1
—+ =<1 (B.4)
r r
1 1 1
—r—< - (B.5)
r r r

with the following caveats:

If s = s;or 1/r = 1/r; for someithen 1/q < 1/gq;.

Ifsi+sy=0o0r1/ri+1/rp, =1then1/q, +1/q; > 1.
If equality holds in (B.5) then

o min(1/r;,1/r,1 —1/r) # 0.

o Ifmin(sy, s3) < Othen 1/qy +1/qo > 1and 1/q < 1/r.

o If s; has the same sign as min(sy, s,) for some i then 1/q < 1/g;.
o If s; has the same sign as max(sy, s») for some i then 1/r; < 1/q;.
o Ifs=0thenl/q < 1/q;and 1/r; < 1/q; for bothi = 1,2.

1 11 11 1
If sy = 50 =5s=0then — < min(z,—)andmax(z,—) < — forbothi=1,2.
q r ' '

l 1

The large number of new caveats in the edge cases compared to those of Triebel-Lizorkin multiplication is
a consequence of two phenomena related to Besov space embedding on a bounded domain Q. First, recall

from Proposition 5.1 that if le -3 < plz — 2 and 51 > s, then

B, " (Q) — B (Q)
just as for Triebel-Lizorkin embedding, except the marginal case - — & = L — 2 requires additionally
P1 n n

P
q1 < ¢». Second, we require embeddings of Besov spaces into Lebesgue spZaces LP(€QY), which are less
straightforward than the Triebel-Lizorkin setting because Lebesgue spaces are not generically Besov spaces.
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Proposition B.1. Ler Q be an open set in R". Suppose 1 < p,q,r < oo and s > 0.

1 1 11
LIf=—==-andif- > = then B"(Q) < L'(Q).
p n r CI r

2. Ifg<2andq < p then BY"(Q) — LP(Q).

3. Ifqg>2and q > p then LP(Q) — BS”’(Q).

If Q = R” then part | follows from [Fr86] Theorem 1 and the remaining parts are a consequence of [Tr10]
Proposition 2.3.2/2. The same facts remain true for arbitrary open sets by the usual extension/restriction
argument.

We now proceed with the sequence of results that prove Theorem 5.4. The following two lemmas are analogs
of Lemmas A.1 and A.2 and are the technical foundation of the remainder of the appendix.

Lemma B.2. Suppose 1 < p < p; < o0, 1 <g<ooands>n/p\. Ifu € B;”'(R") andv € B,"(R") are
both supported in Bg(0) for some R > 0 then uv € B;”(R") and

(v gy < [lullgr VI

The implicit constant depends on s, p1, p, g and R but is independent of u and v.

Proof. By an obvious modification of Proposition 3.11(5)

1

q

i *| D 2P [
k>10

[|wvl[gr < [luv]

and we follow the pattern of Lemma A.1 to bound the right-hand side of this inequality.

Since s > n/p, the low frequency part admits the bound

luvl|r@ny S ullroo@n |[vi|r@ey S [|ul

B;m (R") ||V| B‘;«I’(Rn).

For the high-frequency part we define Py = Py_3<.<k+3 and observe that the Littlewood-Paley trichotomy of
Theorem 3.11(6) implies

Pyuv) = Pe| (P at)(Pev) + (Pa)(Pgusy) + | (Puu)(Pev) |
k' >k+4

low-high high-low

high-high

For the low-high term, we use Proposition 3.11 parts (4) and (3) along with the Hardy-Littlewood maximal
inequality to compute

| P ((ng—4”)(FkV)) lr@ny < H(ng—4’/l)(FkV)| reny < ||P§k—4u||L°°(R”)||FkVHU’(]R")

FkV‘

< [[Mul| oo @) Lr®)
< [Jul| oo @y | v o ey

< llull gy o 1PVl oy
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where M is, as usual, the maximal operator. Summing over k, we get the desired bound

q
BZP (R" ) N

Z 2sqk||Pk ((ng+5u)(PkV)) | Z,,(R,x) < ||14H22.m (Rn)kgl qukHPkVHq)(R") < ||uHZ;,,] . V|

k>10 0

Similarly, for the high-low term, we have

e < | Prul

(| Pk ((Fku)(P§k+5V)) |oeny < |(Pett)(P<issv)| 1@ [P <kesvl e

< [1Pett]| o o || MV || ey

< Pl s oy 1V | ey

where ¢ > 1 is defined by

Then summing over k gives

D2 P (Pa)Piesy) [y S IV iy D 2 1Pett][ sy S V11

u”qlﬂ .
B, (R") (B.6)
k>10 k>10

Using the fact that v has support on a ball of fixed radius we control ||v||pgn). If s > n/p

IVllz@n S [Vilze@n < Vg @

and otherwise, since

1 1 1 1
Sos o= s--2>0,

t p pp p n

Proposition B.1 along with Sobolev embedding for functions of bounded support to lower p and suitably
adjust g implies

VIl < [1VIlgyr -

In either case find that the left-hand side of inequality (B.6) is bounded by ||u| |‘;

VIl

;Pl (R") ;vP(Rn)

Finally, turning to the high-high term, we start with

Py Z (P u)(Pyv) < Z (Pyu)(Purv) < Z | P tt]| oo ) Fk’VHLI'(R")
k' >k+4 LP®R™) k' >k+4 L&) K >k+d

< > M|y | Pevl|in
K >k+4

S ullgrnn Y, 1Pevlim.

K >k+4

Now sum over k to get

q q
D2 P T (Pew)(Pev) < Nl o g Z[ )y 2Sk||§1«"’||LP<R">] :

k>10 K >k+4 Lr®™ £>10 \k" >k+4
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and observe that the desired estimate holds if we can show

q
Z( Z 25k||Pk’v|L/’(R")) < ||v||2;\]'p(R”)' (B7)

k>10 \k/ >k+4

However, setting by = 2%|| Pv|

q q q
Z{ Z ZSkﬁk’V”Lﬂ(R")] - Z (Z 2mzs(km)||Fk+aV||Lﬂ<R”>] - Z (Z 2mb"+“) ’

k>10 \k' >k+4 k>10 \a>4 k>10 \a>4

@ for k > 1 we have

Since 3,54 27 is finite we can apply Jensen’s inequality to conclude

q
D [Z 2—”bk+a] S D2 B, =D D 2T b < bl D2

k=10 \a>4 k=10 a>4 a>4k>10 a>4
This final sum is finite and ||b|[,, < |[v]| 5”2 zn)» Which leads to inequality (B.7). O

Lemma B.3. Suppose 1 < p < py, < p; <00, 1 <q,q2 <o0and0 < s <n/p;. Suppose moreover that
+ —— - (B.8)

and if (B.8) is an equality assume additionally

1 1 1 1
—>—_% g —>=_% (B.9)
q1 D1 n q2 p2 n
Ifu € ByP'(R") and v € B,”(R") are both supported in Bg(0) for some R > 0 then uv € B,"(R") with
q = max{qi,q>}, and

vl [Jul [ gy V1] g2

The implicit constant depends on s, p1, p2, P, q1, g2 and R but is independent of u and v.

Proof. We follow the familiar pattern. For convenience, recall the bound

<=

q
LP(R™) )

ey T Z 2sqk||Pk(“V)‘
£>10

v | grny < [luv]

and the Littlewood-Paley trichotomy

Pu(wv) = Py | (P<x_at)(Pev) + (Pu)(P<ies) + Y (Pu)(Perv)
K >k+4

low-high high-low

high-high
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where Py = Py_3<.<k+3. For the low frequency part, Holder’s inequality followed by Sobolev embedding
(using the bounded support of #) and Proposition B.1 yields

luvllr@ny < lullon @Vl @ < lwll g g V] 552 gy

where #; € (1, 00) is defined by

with the inequality strict if (B.8) is strict. If (B.8) is an equality, then we need ¢; < t;, since the embedding
By (R") < L"(R") becomes borderline.

For the low-high term, applying now-familiar facts from Proposition 3.11 we have

1P ((P<i—at))(Pev)) |

ey < |1P<i—at|n o | Piv]

@y S ||(P§k—4u)(FkV)\

LP2(R")
< [|Mul| e || Pev] 2 e
S Juell o ey | Pavl 2 e
S ||“HB;"1”1(R")”Fk"”L"Z(R")’

and summing over k gives

D 2| PP kst Piv) [ gy <
k>10

RPN (10 P
B @) By (R

.
2;]!71 ®") 2 2% HPkVH(il)z(Rn) < H”|
k>0

Similarly, for the high-low term, we have

|| Px ((ﬁk”)(PSHSV)) \ ey < |1 Pettl| o @ | P<iesvl| o

L@ < |(Pa)(P<iisv)]

< || Pe] o1 oy || MV || 2 oy

< 1Pt s oy |1V | o ey

< N Petll o e V] g oy

where £, € (1, 00) is defined by

1 p p_pr on
with the inequality strict if (B.8) is strict. If (B.8) is an equality, then we need g, < f,, since the embedding
B;’zp *(R™) < L2(R") again becomes borderline. Summing over k yields

22U NP (P Ptos) gy S V1500 ), 2% 1Patll ey < IV
k>10 : k>10

1 1 1 1 s
>

q
B, (R

q
u
B;«ZWZ (R}x) |

Finally, turning to the high-high term, start with

Pyl

Pe Y Pew®Pev)| 5| D) Pew®en|| < D [1Peulln

k' >k+4 PR k! >k+4 L&) K >k+d
< O 1Ml 1Pevi e

K >k+4
< [lull gz gony Z | P[22 ey

k' >k+4
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and sum over k to get

q q
Z 2% || Py Z (P u)(Pyv) < [lu Z;]ﬁn(Rn) Z zsqk[ Z |P"’V”U’2(R")] : (B.10)

k>10 K >k+4 Lr@n k>10 K >k+4

Moreover, the same argument as at the end of Lemma B.2 shows

q
> 2[ > ||Pk/v||m<Rn>] < [l g

k>10 K >k+4

and it follows that the left-hand side of inequality (B.10) is controlled by ||u| |§

5.P1 V| |q $:P2 N
(R B2 (R")

At this point we have shown
vl gy < lluell g [Vl gz gy

which, combined with the embeddings B, (R") < B,”'(R") and B;”*(R") < B,”(R"), establishes the

proof. O

The following result consolidates the previous two lemmas and applies to bounded smooth domains Q rather
than R".

Proposition B.4. Assume the multiplication hypothesis A.3 and that s; = s, = s > 0. Pointwise multi-
plication of C*(Q) functions extends to a continuous bilinear map B;" (Q) x By (Q) — B;"(Q) so long

q1 92
as
1 1 1
max(—,—) < - (B.11)
ry nrn r
1 1 1
——<- (B.12)
rt r r
1 1
mm(—,—) - (B.13)
q1 92 q
with the following caveats:
o [nequality (B.12) is strict if min(1/r,1/rp) = 0.
o [f (B.12) is an equality, then 1/r) < 1/q; and 1/ry < 1/q».
Proof. Using the argument at the start of Proposition A.4 it suffices to show
||”VHB;"’(R") 5 H””B,jl]"" (Rn)||v||3j,§"’2(Rn) (B.14)

whenever u € B,"”'(R") and v € B,"”*(R") are supported in some ball of radius R large enough to contain

Q. Since the conditions are symmetric with respect to the indices 1 and 2, without loss of generality, assume
that p, < p;. We split the proof into 3 cases.
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First, consider the case s > n/p;, thatis, 1/r; < 0. Thus (B.11) becomes p < p,. Inequality (B.14) then
follows from Lemma B.2 , the fact that ||v[| s gy < [|V]| g1 gy With implicit constant depending on R, and

the embeddings B, (R") < B,”(R") fori = 1,2.

Now suppose that 0 < s < n/py, thatis, 1/r; > 0. In this case, (B.12) becomes

1 1 1 s
_>_+_f_’

p p p2on
and we have assumed additionally that if this is an equality then ¢; < r; for i = 1,2. These are exactly the
hypotheses of Lemma B.3 and estimate (B.14) follows.

Finally, we look at the case s = n/p, thatis, 1/r; = 0. Then min(1/ry,1/r,) = O since 1/r, > 1/r; and we
have therefore assumed (B.12) is strict. Hence we can pick i € (1, p;) such that

1 1 1 s

p n p2 n
as well. Since s < n/n, estimate (B.14) now follows from Lemma B.3 and the continuous embedding
B;P'(R") < By(R). O
The restriction s = 51 = s, of the previous result can easily be relaxed with the help of Sobolev embeddings.

Proposition B.S. Assume the multiplication hypothesis A.3 and that min(sy, s, s) > 0. Pointwise multipli-
cation of C*°(Q) functions extends to a continuous bilinear map B;‘l’p "(Q) x Bf;z’p Q) — B;’p (Q) so long
as

min(sy, $) > § (B.15)
1 1
max(— —) < - (B.16)
e r
1 1 1
—+—<- B.17)
r r r

with the following caveats:

o [nequality (B.17) is strict if min(1/r, 1/rp) = 0.

o [fs=s;0r1/r=1/r for someithenl/q < 1/q;.

o If1/ri+1/ry=1/rthen1/r; < 1/q;fori=1,2and1/q < min(1/q1,1/q).
Proof. The proof follows the outline of Proposition A.5, with some extra care with respect to the fine pa-
rameter.

Case: min(1/ry,1/r) > 0.

Suppose first that 1/7; + 1/r, < 1/r. Since each 1/r; > 0 we have max(1/ry, 1/r;) < 1/r as well. For
any s; > s we can then lower s; slightly while preserving these strict inequalities (B.16)—(B.17) to set ¢;
to any desired value. Hence, without loss of generality, if s; > s we can assume ¢; < g. Otherwise, if
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s; = s we have assumed g; < ¢g. Following the technique of the corresponding case of Proposition A.5
we then embed B;’;”’ Q) — Bf]f" where 1/t; — s/n = 1/r; and apply Proposition (B.5) to obtain continuous
multiplication Bj,'(Q) x By,*(Q) < B;”(Q), noting that inequalities (B.11)~(B.13) all hold and that the
caveats are irrelevant.

If instead 1/r; + 1/r, = 1/r the same technique applies, except we cannot adjust any ¢; and must assume
q; < g and ¢g; < r; in advance, as we have done.

Case: min(1/ry,1/rp) = 0.

We have assumed that inequality (B.17) is strict. Since each 1/r; > 0 we also know that inequality (B.16)
is also strict. Hence we can lower each p; while leaving s; fixed and maintain these strict inequalities. The
result now follows from the case min(1/r,1/r;) > 0.

Case: min(1/r(,1/r;) <O.

Without loss of generality we can assume 1/r; < 1/r, and hence 1/r; < 0. Since s, > sand 1/r, < 1/r
and since we have additionally assumed that g, < ¢ if either s = s, or r = r, we know B,)”*(Q) < B;”(Q).
Hence we need only demonstrate continuity of multiplication By;”'(Q) x B;”(Q) — B," (). Proposition
B.4 implies multiplication B;' x B;”(€) — B,”(Q) is continuous so long as ¢ > p and 1/t — s/n < 0. Hence
we are done if we can show that B;;ll”’ '(©Q) embeds into some B;;”(Q) satisfying these two conditions. The
proof now follows the corresponding case of Proposition A.5 except we must now assume (as we have done)
that g; < g if r; = r in addition to assuming g; < g if s; = s in order for the requisite Sobolev embeddings

to be valid. O

What remains is the case where one or more of the indices s;, s, and s is nonpositive. The following 3
propositions then explore the full range of the parameters s;, s, and s, and correspond to the cases where
min(sy, 57) is negative, positive, and zero. The main tool we employ is duality.

Proposition B.6. Assume the multiplication hypothesis A.3 and that min(sy, s3) < 0. Pointwise multipli-

cation of C*(Q) functions extends to a continuous bilinear map Bj'""'(Q) x B>"(Q) — B,"(Q) so long
as

min(sy, $) > (B.18)
s1+85 >0 (B.19)
11 1
max (—, —) < - (B.20)
ry n r
1 1
—+—<1 (B.21)
. n
1 1 1
—+ —< - (B.22)

with the following caveats:

o [fs=s;0r1/r=1/rfor someithenl/q < 1/q;.
o Ifsi+s,=0o0rl/ri+1/ry=1thenl/q; +1/gy > 1.

o If1/ry + 1/ry = 1/r then:
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o

min(1/ry, 1/, 1 —1/r) # 0.

/g1 +1/q2 > Land 1/qg < 1/r.

If s; < 0 for some i then 1/q < 1/q;.
If s; > 0 for some i then 1/r; < 1/q;.

o

e}

o

Proof. Without loss of generality, assume that s; > 0 and s, < 0. Following the duality technique of
Proposition A.7, continuity of multiplication B,;"'(Q) x B;2"*(Q) — B;"(Q) follows from continuity of

multiplication B}, (Q) x B2 () — B)."" (), with

. 1 11 1, 1 11 1
S2=—S, —*:1——, —*21——, s = =5, —*21——, —*21——,
3 TS q P P q o

1 1 1
=1—-- and —=1-—.
r r r
For clarity, let us display here what Proposition B.5 becomes when we write the conditions in terms of the

un-starred parameters: multiplication B! (Q) x B;i’p 2(Q) — B;*’p () is continuous so long as

q1

—57 < min(sy, —s) (B.23)

1 1 1
max(—,l ~ -) <1-— (B.24)

rt r ry

1 1 1
—+l—-=-<1-— (B.25)

r r r

with the following caveats:

o Inequality (B.25) is strict if min(1/r;,1 — 1/r) = 0.

o If—sy=sy0rl—1/ry=1/rithenl — 1/, < 1/q.

o If—s=—sorl—1/rp,=1—1/rthenl —1/g, <1 —1/q.

o Ifl/ri+1—1/r=1—1/rythenqg; <r,1—1/g>1—1/r,and 1 — 1/g; < min(1/q;,1 — 1/g).
Noting that min(1/ry, 1/ry,1 —1/r) = 0if and only if min(1/r;, 1 —1/r) = 0, all these conditions are implied
by the hypotheses of the proposition. O

Now we treat the case min(sy, s,) > 0.

Proposition B.7. Assume the multiplication hypothesis A.3 and that min(s, s2) > 0. Pointwise multipli-
cation of C*°(Q) functions extends to a continuous bilinear map By, "' (Q) x B (Q) — B;"(Q) so long
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as

min(sy, $) > (B.26)
1 1 1
max (—, —) < - (B.27)
ry n r
1 1
—+—<1 (B.28)
r )
1 1 1
—+ —<- (B.29)
rno r o r

with the following caveats:

o [fs=s;0r1/r=1/r for someithenl/q < 1/q;.
o If1/ri+1/ry=1thenl/q+1/q; > 1.
o If1/ry + 1/ry = 1/r then:

o min(1/r;,1/r, 1 —1/r) #0.
o l/g<1/qiand 1]r; < 1/q;fori=1,2.

Proof. Suppose s > 0. Then 1/r < 1, so min(1/ry,1/rp,1 — 1/r) = 0 if and only if min(1/r;, 1/r;) = 0.
Using this observation it is easy to see that the hypotheses of the current result imply the hypotheses of
Proposition B.5 and the desired continuity of multiplication when s > 0 follows.

We split the remaining case s < 0 into the following 4 subcases.

e If 1/r < 1, then let 0 < oo < min(sy, 52) be small enough so that o/n + 1/r < 1 and define n € by
1/n—o/n = 1/r. Observe that 0 < 1/5 < 1 since 1/r and o are both positive and since ¢ is sufficiently
small. Using the fact that min(1/ry, 1/r;) = 0 if and only if min(1/ry, 1/r;,1 —1/r) = 0when 1/r < 1
one then verifies that the hypotheses of Proposition B.5 are met to ensure multiplication is continuous
B, (Q) x BP(Q) — By (). The result then follows from the embedding By "(Q) < B, ().

e If1/r = 1, we observe that inequality (B.29) is strict. Indeed, if min(1/r, 1/r;) > 0then min(1/r, 1/ry, 1—

1/r) = 0 and this holds by hypothesis, and if min(1/r;, 1/r;) < 0 itis an easy consequence of inequal-
ities (B.27) and (B.29) and the fact that 1/r = 1. Moreover each 1/r; < 1/p; < 1 = 1/r. Hence we can
pick # with 0 < 1/ < 1 such that 1/r; < 1/# fori = 1,2 and such that 1/r; + 1/r, < 1/r'. Now pick
0 < o < min(sy, s7) such that ¢ is small enough so that 7 defined by 1/ = 1/ + o/n lies in (0, 1).
The proof now proceeds as in the previous subcase, verifying that the hypotheses of Proposition B.5
are met to get continuity of B,!"”'(Q) x B,”*(Q) — B;"(Q) — B;”(Q). Note that this verification
benefits from the observation 1/r; + 1/rp, < 1/r strictly.

e If I/r > 1 and 1/r; + 1/rp < 1 we can again pick ' > 1 with 1/r; < 1/r < 1 fori = 1,2 and with
1/ry + 1/r; < 1/¢ < 1. The proof now proceeds exactly as in the previous subcase.

e If I/r > 1and 1/r; + 1/r, = 1, then we necessarily have the strict inequality s < 0. Without loss of
generality we can assume 1/r; < 1/r,, and choose o such that 0 > o > max(s, —s;) and such that
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1/n:=1/r,+0/n> 0. Observe 1/n < 1 as well. One now verifies that the hypotheses of Proposition
B.6 are met to obtain continuity of multiplication By} (Q) x By,"(Q) — B,”(€), and indeed the check
of its caveats is straightforward because we know 1/r; + 1/r, < 1/r.

The proof is complete. O

Finally, we have the case min(sy, s;) = 0.

Proposition B.8. Assume the multiplication hypothesis A.3 and that min(sy, s2) = 0. Pointwise multipli-
cation of C*°(Q) functions extends to a continuous bilinear map By "' (Q) x B (Q) — By"(Q) so long
as

$<0 (B.30)

1 1 1
max(— —) <! (B31)

ry n r
R (B.32)

r r

1 1 1
—+ —< - (B.33)

rt r r

with the following caveats:

o [fs=s;0r1/r=1/r for someithenl/q < 1/q;.
o Ifsi+so=0o0rl/ri+1/ry=1thenl/q +1/gy > 1.
o [fequality holds in (B.33) then

o min(1/ry,1/rp, 1 —1/r) #0.

ol/g1+1/qa>1and 1/q < 1/r.

o If s; = 0 for some ithen 1/q < 1/q;.

o If s; has the same sign as max(sy, s3) for some i then 1/r; < 1/q;.
o Ifs=0thenl/q < 1/q;and 1/r; < 1/q; for bothi =1,2.

1 11 11 1
o [fsy=s5,=15=0then — <min(—,—)andmax(—,—) < — forbothi=1,2.
q 2°r 2 qi

Proof. First, consider the case s; > s, = 0 > 5. Pick o such that 0 > o > max(s, —s;) and such that o is
close enough to zero such that 1/n := 1/r, + o-/n > 0. This is possible since 1/r, = 1/p, > 0. Observe that
1/n < 1 as well since 1/r, = 1/p, < 1 and since o < 0. By Sobolev embedding, B;,”*(Q) < B"(). One
now verifies that the hypotheses of Proposition B.6 are met to imply continuity of multiplication By,”" (Q) x
B(Q) — B;”(Q). The only interesting point in the verification is the fact that if (B.33) is an equality
then we have assumed 1/r; < 1/¢; and 1/g < 1/g;, which are fine parameter requirements needed to use

Proposition B.6 with s; > 0 and o < 0.
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Next suppose that 51 > 55 = s = 0. Let 0 < o < 57 be small enough so that n, 6, i, and 6, defined by

1 o 1 o 1 I o 1 o 1

mon 6 on or n n 0 n r
all lie in (1, 0o0). This is possible since 1/r = 1/p € (1, 00) and similarly for 1/r,. A computation verifies
that multiplication is continuous By, (Q) x By, () — B;"(Q) due to Proposition B.7, and B,”' (Q) x
B(;”’HZ(Q) — B, “’O(Q) due to Proposition B.6. Note that Proposition B.7 requires 1/r; < 1/g; and 1/g < ¢;
for i = 1,2 if (B.33) is an equality and that we have assumed this since s = 0. At this point, continuity of
B, (Q) x Bg’f 2(Q) — Bg’p (Q) is guaranteed by complex interpolation.

The next case we consider is s; = s, = 0 > s, which follows from the preceding case by the duality
argument of Proposition A.7. Namely, continuity of Bg’lp "(Q) x Bg’f *(Q) — B,”(Q) is implied by continuity

of B, (Q) x By (@) — BT (@), with
1
1 11 11 11 1

vy P a4 n a’
A laborious but straightforward computation with these new parameters verifies that the interpolation tech-

nique of the previous case again applies. One finds again that 1/r; < 1/g; and 1/g < g; fori = 1,2 are all
required if (B.33) is an equality, and these are assumed since s = 0.

Finally, suppose that s; = s, = s = 0. We have assumed max(1/r;,2) < 1/g; for i = 1,2 and hence
Proposition B.1 implies Bg;” "(Q) — L(Q) = LPi(Q). We have also assumed 1/g < min(1/r, 1/2) and hence
LP(Q) =L(Q) — Bg"’(Q). Since 1/py + 1/p, = 1/r; + 1/r, < 1/r = 1/p the continuous multiplication is
a consequence of Holder’s inequality. U

A routine verification shows that the hypotheses of Theorem 5.4 imply the hypotheses of Propositions B.6
B.7 and B.8 in each of these special cases, which proves Theorem 5.4 in the event that Q is a bounded smooth
domain. As discussed following the statement of Assumption A.3, an extension/restriction argument then
proves the result for an arbitrary bounded domain.
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