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FINITE ELEMENT EXTERIOR CALCULUS FOR EVOLUTION PROBLEMS
ANDREW GILLETTE AND MICHAEL HOLST

ABSTRACT. Arnold, Falk, and WintherBull. Amer. Math. Soc47 (2010), 281-354]
recently showed that mixed variational problems, and thaimerical approximation
by mixed methods, could be most completely understood usieagdeas and tools of
Hilbert complexes This led to the development of the Finite Element Exteriai-C
culus (FEEC) for a large class of linear elliptic problems.orl recently, Holst and
Stern [arXiv:1005.4455,arXiv:1010.6127] extended th&EEramework to semi-linear
problems, and to problems containingriational crimes allowing for the analysis and
numerical approximation of linear and nonlinear geomaettiiptic partial differential
equations on Riemannian manifolds of arbitrary spatialetision, generalizing surface
finite element approximation theory. In this article, we elep another distinct exten-
sion to the FEEC, namely to parabolic and hyperbolic evotuiystems, allowing for
the treatment of geometric and other evolution problems.approach is to combine the
recent work on the FEEC for elliptic problems with a claskag@proach to solving evo-
lution problems via semi-discrete finite element methogsyibwing solutions to the
evolution problem as lying in time-parameterized Hilbgrases (oBochnerspaces).
Building on classical approaches by Thomée for parabobblems and Geveci for hy-
perbolic problems, we establistpriori error estimates for Galerkin FEM approximation
in the natural Bochner space norms. In particular, we recheeresults of Thomée and
Geveci for two-dimensional domains and the lowest-ordeteshimethod as a special
case, effectively extending their results to arbitrarytighalimension and to an entire
family of mixed methods. We also show how the Holst and Steaméwork allows for
extensions of these results to certain semi-linear exaiyiroblems.
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1. INTRODUCTION

More than two decades of research on linear mixed varidtipredlems, and their
numerical approximation by mixed methods, recently cuated in the seminal work
of Arnold, Falk, and Winther Arnold, Falk, and Winthér [3].h&y showed that these
problems could be most completely understood using thesided tools oHilbert com-
plexes leading to the development of the Finite Element ExterialcGlus (FEEC) for
elliptic problems. In two related articles [16,/17], HolsidaStern extended the Arnold—
Falk—Winther framework to includeariational crimes allowing for the analysis and
numerical approximation of linear and nonlinear geomegtiiptic partial differential
equations on Riemannian manifolds of arbitrary spatialetision, generalizing the ex-
isting surface finite element approximation theory in saldirections. In the current
article, we extend the FEEC in another direction, namelyampolic and hyperbolic
evolution systems. Our approach is to combine the recerk wothe FEEC for elliptic
problems with a classical approach to solving evolutiorbfgms using semi-discrete
finite element methods, by viewing solutions to the evolufiooblem as lying in time-
parameterized Hilbert (@ochnej spaces. Building on classical approaches by Thomée
for parabolic problems and Geveci for hyperbolic problems, establisha priori er-
ror estimates for Galerkin FEM approximation in the natiBathner space norms. In
particular, we recover the results of Thomée and Gevedwvordimensional domains
and the lowest-order mixed method as a special case, gfcextending their results
to arbitrary spatial dimension and to an entire family of edxmethods. We also show
how the Holst and Stern framework allows for extensions e$éresults to certain semi-
linear evolution problems.

To understand why the finite element exterior calculus (FEES emerged in a natu-
ral way to become a major mathematical tool in the developmienumerical methods
for PDE, consider the vector Laplacean:

—Au = — grad divu + curl curlu,

and a natural variational formulation: Finde H (curl; ) N Hy(div; ) s.t.
/Q[(v W) (V) + (V x0) - (V x 0)] do = /Qf v dz, Yo € H(curl: Q) N Hy(div: Q).
A mixedformulation is a natural alternative: Firjet, v) € H*(Q2) x H(curl; Q) s.t.
/Q(m Cw-Vr)dr =0, Vre H'(Q),
/Q[VO"’U—F(VXU)'(VX’U)] dx:/Qf-vdx, Vo € H(curl; Q).

Using the standard finite element approach based on therfostrfiixed) formulation
turns out to not correctly capture either the geometry (anadase of domains with cor-
ners) or the topology (in the case of non-simply connectedaios); there are several de-
tailed examples ir |3] that explore what goes wrong. A stashfiaite element approach
based on the second (mixed) formulation turns out to workeex¢ly well and encoun-
ters neither of the difficulties of the first approach. Whyhistthe case? To answer this
question, consider an arbitrary vector figlde L*(2); we have theHelmholtz-Hodge
orthogonal decomposition into curl-free, divergencefrand harmonic functions:

f=Vp+V xq+h,
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whereh is harmonic (divergence- and curl-free). The mixed forrtiatais essentially
computing this decomposition fér = 0 and finite element methods are somehow ex-
ploiting this.

The relationship can be found by examining tieeRham cohomology the domair?.
The space of harmonicforms is isomorphic to théth de Rham cohomology group of
the domairt2, meaning the dimension of the space of harmonic forms inesdhe num-
ber of topological features that can create obstacles tieposkd formulations of elliptic
problems. A natural question is then: What is an approprisaehematical framework
for understanding this abstractly, that will allow for a imedical construction of “good”
finite element methods for these types of problems?

The answer turns out to bidilbert Complexes Hilbert complexes were originally
studied in[[8] as a way to generalize certain propertieslgdtel complexes, particularly
the Hodge decomposition and other aspects of Hodge theadrjlb&rt complex(W, d)
consists of a sequence of Hilbert spatg§, along with closed, densely-defined linear
mapsd”: V¥ ¢ WF — VA1 c Wkt possibly unbounded, such th#to d*—! = 0 for
eachk.

k—1 k
.. N vk e

This Hilbert complex is said to beoundedif d* is a bounded linear map from’* to
Wk+! for eachk, i.e., (W, d) is a cochain complex in the category of Hilbert spaces. It
is said to beclosedif the imaged*V'* is closed inlV*+! for eachk. It was shown in[[3]
that Hilbert complexes are also a convenient abstrachgétir mixed variational prob-
lems and their numerical approximation by mixed finite elatmeethods, providing the
foundation of a framework callefthite element exterior calculysee alsa[2]). This line
of research is the culmination of several decades of work isedrfinite element meth-
ods and computational electromagnetics [6/ 20| 21, 14].mbst important example of
a Hilbert complex for our purposes of the FEEC arises fromd#aé&ham complex of
smooth differential forms on a domain or manifold.

The main developments in FEEC to date have been for linearfaw semi-linear)
elliptic problems such as Poisson’s equation

—Au = f.

Our goal here is expand the scope of this analysis to incladeolic linear (and semi-
linear) equations such as the heat equation,

(at - A)U = f7
and hyperbolic equations such as the wave equation,
(8tt - A)u = f

The exterior calculus framework treatsas(d + )2, whered is the exterior derivative
operator and its adjoint. The incorporation of the time derivative ogera o, into this
framework, however, has not been previously consideredreifedy this, we develop
the most natural extension of FEEC theory to evolution gotd: a generalization of the
semi-discrete method often called the ‘method of linesisEpproach involves the dis-
cretization of the spatial part of the differential operateaving the time variable contin-
uous. It can be viewed as introducing a time parameter irgdibcrete (Hilbert) spaces
that have been developed for elliptic problems. These petrézed Hilbert spaces are
naturally treated aBochner spaceand we will show how Bochner space theory makes
obvious the well-posedness of the problems we considerea@r, the accompanying
Bochner space norms, when coupled with FEEC notation fdyetiilcomplexes, provide
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a clear and consistent notation for bounding errors in mirethods accumulated over
a finite time interval.

We note that there is another approach to solving evolutroblpms with finite ele-
ments, namely using a complete discretization of space:-tifinis tactic allows for the
dynamical change of the underlying discrete approximasipaces in both space and
time. Such an approach gives rise to space-time adaptanty,is potentially the most
flexible and powerful approach to the numerical treatmemiasfbolic and hyperbolic
evolution problems. This approach, which we will consideaisecond article, is most
naturally formulated using geometric calculus, a weldgtd mathematical structure for
time-dependent problems. In the current article, we focusxdending FEEC to semi-
discrete methods using Bochner norm estimates for the aifibnes approach.

Finally, we note that the work presented here was developadtaneously and inde-
pendently from a related project by Arnold and Chen [1]. Wiilr focus is extending
the scalar Hodge-Laplacian to both linear and semi-linear evolutioobfems, with or
without geometric variational crimes, their focus is oneexting FEEC theory to gener-
alized Hodge-Laplacian parabolic problems. The pairintpe$e two results will lead to
further insight on the subject in a variety of directions.

Outline of the paper.The remainder of the paper is structured as follows. In Sec-
tion[2, we review the classical semi-discrete mixed finieretnt method error estimates
for parabolic problems due to Thomée [27] and others forehlyplic problems due to
Geveci[12]. In Sectiohl3, we give a very brief overview theité Element Exterior Cal-
culus and recall some relevant results. In Sedtion 4, wedtate abstract parabolic and
hyperbolic problems in Bochner spaces and state some sthregaults on the existence
and uniqueness of strong and weak solutions. In Settion Fombine the classical
approach to semi-discrete methods with modern FEEC the@oegtablish some basic
a priori error estimates for Galerkin mixed finite element methodgpfrabolic prob-
lems. The main result is Theordm 5.2, which exploits the FE&a®@ework to obtain a
classification of spatial finite element spaces that giveragdtorder convergence rates in
Bochner norms. In Sectidd 6, we carry out a similar analysishf/perbolic problems,
resulting in the error estimate given in Theorlem 6.2. Ounltesecover the estimates of
Thomée and Geveci for two-dimensional domains and the dbeeler mixed method
as a special case, effectively extending their resultshitrary spatial dimension and to
an entire family of mixed methods. In Sectioh 7, we employ risults of Holst and
Stern to extend our parabolic estimates to a class of seeaiievolution PDE. Finally,
in Sectior 8, we draw some conclusions and make some remarkisuze directions.

2. SEEMI-DISCRETEFEM ERRORESTIMATES FOREVOLUTION PROBLEMS

We begin by reviewing semi-discrete finite element methodktheira priori error
estimates for parabolic and hyperbolic PDE systems. Wesfateach case on a rela-
tively simple, well-studied system of interest to modelaogmmunities, namely, the heat
equation (parabolic) and the wave equation (hyperbolid)e Aeat equation is: find
u(x,t) such that

u—Au=f inQ, fort>0

w="0 onoQ, fort>0 withu(-0)=ginQ. (2.1)

We review the approach to Galerkin methods for this probleprasented in Thomée [27]
for domains? ¢ R2. His approach is based on an earlier work with Johnson [18] an
builds upon prior analysis of elliptic projection|[7]. Let= Vu and define the mixed,
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weak form problem: Findu, ) € L? x H(div) such that

(ur, ¢) — (divo,¢) = (f,¢), Vo€ L?, t>0 2.2)
(o,w) + (u,divw) =0, Vwe H(div), t>0, u(0)=g. '
The semi-discrete problem is then to fifd,, 01,) € S, x H, C L* x H(div) such that
(unt, &n) — (divoy, ¢n) = (f,¢n), ¥V on €S, t>0 2.3)
(on,wn) + (up, divw,) =0, Vwn € Hy, t>0, up(0) = gp. '

whereg,, is an approximation of in .S;,. With bases foiS;, and H},, the matrix form of
the discrete problem is

AU, — BY. = F,
B'U + Dx =0, fort >0, U(0)given

wherelU andX. are vectors correspondingtg andoy,. It is easily seen that the matrices
A andD are positive definite. Eliminating, we have the system of ODEs

AU, + BD'BTU = F, fort >0, U(0)given

which by standard results in ODE theory has a unique solution

Thomée uses discontinuous linear elementsSfpand piecewise quadratic elements
for H,. He defines the solution operatdy : L? — S, given byT,f = uy, for the
corresponding elliptic problem. Thep can be defined by

gn = Rpg = —T,Ag.
For g, = R,g andt > 0, Thomée derives the estimates

un(t) — ()2 < ch? (||u<t>||Hz + [l ds) , (2.4)

" 1/2
llon(t) — o (t)]|2 < ch? (HU(t)HHs + (/O el 32 d8> ) - (2.5)

Note that these estimates are for a fixed time valaied restricted to a particular choice
of finite elements in 2D.
We now turn to thevave equation: find u(z, t) such that

utt—Au:f in Q, f0rt>0,
u=0 onodf, fort>0 withu(-,0)=wugin, (2.6)
andu(+,0) = uy in 2
There are two approaches to defining a mixed weak form of ttublem. The first is
very similar to the parabolic case: givénu,, anduy, find (u, o) such that

(utta¢)_(divav¢) :(f7¢)7 V¢EL2, t>0’

(o,w) + (u,divw) =0, Vw e H(div), t>0,
_ 2.7)
u(0) = uo.
w(0) = uy.

It is difficult to derive estimates for the numerical approztion of [2.Y) akin to those
found in the parabolic case due to the second derivativesaajng in the formulation.

Some estimates attempts along these lineS)far R? have been given by Bakér [4] and
Cowsar, Dupont and Wheeler [10,/11].



6 A. GILLETTE AND M. HOLST

For the purpose of extending the FEEC framework, we find ¥Rocity-stress' for-
mulation of the problem and the results of Geveci/[12] to be more usdtilk formula-
tion solves foru := u, instead ofu: given f, ug, andu, find (i, o) € L? x H(div) such

that
(ke @) — (div o, §) ( ¢), VoeL? t>0,
(o4, w) + (u,divw) = Vw e H(div), t>0,
0(0) =, (2.8)
O'(O) = VUO.

The semi-discrete problem is then to fi(d,, 0,) € S, x H;, C L* x H(div) such that

(e, @n) — (diV oy, ¢n) = (f én), VYoneSy, t>0,

W ,div Vwy, € Hy, t>0,
(Uh,t h) (Mh Wh) h h (2.9)
( ) _ul hl
)

( (Vuo)h,

whereu, j, is an approximation ofi; in S, and (Vuy), is an approximation oW w,.
Again, bases fof), and H;, reduce the discrete problem to a matrix formulation:

AW, — B¥X = F,
B*W 4+ DY, =0, fort >0, W(0),%(0) given

wherell andY are vectors corresponding it ando;, andA, D are symmetric, positive
definite matrices. As Geveci[l2, p. 248] explains, this candaluced to a single iterative
system of the form

(D+kK*BTAT'B)Y"t! =G,
wherek denotes the time step in an implicit Euler time-differemgcatheme.

To derive an error estimate for the velocity-stress diszaibn, Geveci states the need
for projection operators fromi/ (div) to H;, and fromL? to S, satisfying certain approx-
imation properties. He explains that such operators efasta variety of finite element
spaces iMRk?, e.g. the Raviart-Thomas spacksl|[22], allowing the follmyiesult. For
1 <s<rwithr > 2,

[in(t) = (D] 2 + [lon(t) = (O] 2 < e (llur = wnll + [[Vuo = (Vuo)al[) +

+ch? (Hule + [ Vo[, + /0 (e ()]s + [loe(T)I], dT)
(2.10)

Like estimates[(2]4) and_(2.5) for the parabolic probldml@p says that the approxi-
mation error can be controlled ib?* norm at any time by the #* norm of the initial
conditions plus the accumulated norm of the variables upne t. It is these types
of estimates that the FEEC framework can refine, simplifg generalize to arbitrary
spatial dimensiom.

3. THE FINITE ELEMENT EXTERIOR CALCULUS

The finite element exterior calculus (FEEC) provides anateghathematical frame-
work for deriving error estimates for a large class of elilRDE. We now give a brief
overview of the notation and certain main results from FEHtct are relevant to this
paper; we refer the reader to the seminal papers of Arnol#, &ad Winther[[2| 3] for
additional explanation.
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Let 2 be a boundech-manifold embedded ifiR™ and assumé&) has a piecewise
smooth, Lipschitz boundary. The spacel@fbounded continuous differential k-forms
on(is given by

L*A*(Q) = {Za,d:c, c A*(Q) : a; € L*(Q) w} ,
1

wherel ranges over all strictly increasing sequencesioflices chosen froil, ..., n}.

The exterior derivative operatdy, : A*(Q2) — A*1(Q2) acts on these spaces to form a

Hilbert complex(L?A, d). The associated domain complex is the sequence of spaces

HA* := domaing,) c L?A*(Q2), commonly called thé.> deRham complex:

0—— HAO %o At U T gan g,
The norm on each space is the graph norm associatéd.&®
(u, V) () = (U, V) ar) + (drtt, drv) Akt (q)-
We note that in any dimension the beginning and end of the¢ deRham complex can
be understood in terms of traditional Sobolev spaces afetéliftial operators:

grad
B ——

0—= HY(Q) o 12(0) — 0

A major conclusion of FEEC is that stable finite element méghior elliptic PDE must
seek solutions in finite dimensional subspagaésc HA* that satisfy certain key ap-
proximation properties. First, the subspaces should fosabeomplex of the.? deR-
ham complex, meaningA¥ ¢ AF*!. SecondA¥ should have sufficient approximation
that upper bounds omf,c xx |[u — v[|;,x can be ensured for some or all € HAF,

Third, there must exist bounded cochain projectiafis: HA* — A¥ which are in-
variant onA¥, commute with the exterior derivative operators, and mteva bound
Hm’vaHAk < c||v||yax for allv € HAF.

In the context of the deRham complex, all these propertieshown to be provided
for by two canonical classes of piecewise degreelynomials associated to a simplicial
mesh7T of €. LetP, denote polynomials in variables of degree at mosandH,. C P,
the subspace of homogeneous polynomials. The first classtetiP, A*(7), consists
of all k-forms with coefficients belonging t®, on eachn-simplex of 7. The second
class, denote®~A*(T), interleaves with the first class, i.e.

Pt AF(T) C PrAR(T) € PLAR(T).

To defineP~ A*(T), first defineX be the vector field o™ such thatX () is the vector
based at: € R that points opposite to the origin with length. DefineP-A*(T) :=
P, N @ kH,_A**1, adirect sum, where is defined by contraction witi'. The maps
is called theKoszul differentiabnd gives rise to thEoszul complexThis is elaborated
upon in detail in the work of Arnold, Falk and Winther elg. j3,328].

Forn = 3, we have the following correspondences between the FEE&iontof
finite element spaces and traditional element spaces.

P NA(T) Nédélec 2nd-kind7 (div) elements of degre€ r + 1 (see([21])

P AT Nédélec 1st-kindZ(div) elements of order (see[20])
P A(T)

P.A3(T)

discontinuous elements of degree-

discontinuous elements of degree-
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Hence, in the case of the deRham complex, FEEC recovers tivvesvn finite ele-
ment spaces while at the same time describing their genatialn to arbitrary spatial
dimensions.

The last piece of FEEC used in this work is the existence ofoshsal projection
operators

w8 LPAF — AF whereAl € {P.AR(T), P-ART)). (3.1

The following theorem asserts the key properties of theseabprs.
Theorem 3.1 ([3] Theorem 5.9)

(1) Let A} be one of the spaceB_ ,A*(T) or, if r > 1, P,A*(T). Thenx} is a
projection ontoA¥ and satisfies

Hw - ﬂﬁw‘ ‘L2Ak(Q) <ch’ ||w| HsAk(@Q)» W S HSAk(Q)a

for 0 < s <r+ 1. Moreover, for allw € L2A*(Q), mfw — win L? ash — 0.
(2) LetA¥ be one of the spacéd.A*(T) or P,-A*(T) withr > 1. Then
||d(w — Thw Hmkm) < ch® ||dw]| gopngqy,  w € HOAM(S),
foro <s<r.
(3) LetA} ! € {P,  AFY(T), P AT} and Af = P AF(T) or, if r > 0,
P,A*(T). Thendr~! = nfd.

An explicit construction of these operators can be fountiégapers of Arnold, Falk,
and Winther[[2| 3].

4. ABSTRACT EVOLUTION PROBLEMS AND BOCHNER SPACES

We now cast parabolic and hyperbolic problems into the abstramework of Bochner
spaces, i.e. spaces of functions whose values lie in a Bapaae. This approach to an-
alyzing parabolic and hyperbolic evolution PDE can be fotorcexample in[[26, page
66] and [23]. )

Let X be a Banach space aid= (0, T") an interval with closurd := [0, T]. Define

C(I,X):={u:I— X | ubounded and continuoys
Equip this space with the norm

ulloi ) == sup [[u(®)]] -
tel

The Bochner spacé”(/, X) is then defined to be the completion©f/, X) with re-

spect to the norm
1/p
g = ( [ laolar)

The spaceHl(Io, X) has an analogous norm

lullsr ey 2= (/Hu M+ | Suto >/2.

We now consider abstractions of the two main types of e\thﬂDE.
Let H andV be real, separable Banach spaces suchthsicontinuously and densely
embedded irf{. This provides a Gelfand triple, also called a ‘rigged Hitlspace’:

VcHCV",
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whereH is also continuously and densely embedde®’in It should be noted that the
isomorphism betweelr and V* is in generalnot the same as the composition of the
inclusion mappings.

Let (-, -) denote the inner product ati as well as the natural pairing betwe€n and
V. GivenA(t) € L(V,V*) depending continuously anc I, define a quadratic form

a(t,u,v) := —(A(t)u,v), 4.1)
for (t,u,v) € R x V x V. Assume that satisfies the coercivity condition
a(t,u,u) > e [[ully — ez [[ull (4.2)
with ¢;, ¢, constants independent bE 1. Consider the abstract parabolic problem

u = A(t)u+ f(t), (4.3)
u(0) = uy, (4.4)

and the abstract hyperbolic problem

i = A(u + f(b), (4.5)
w(0) = . (4.7)

These abstract formulations are well-posed in the follgvgense.

Theorem 4.1 (Existence of Unique Solution to the Abstract Parabolicbhirm) Let
f e LA(I,v*)anduy, € H, leta(-,-,-) be as in(@.1), and let(4.2) hold. Then the
abstract parabolic probleni_(4.3) has a unique solution

we LA, V)N HY(I,V*).

Moreover, the Sobolev embedding theorem impliesC(I, V*), allowing an interpre-
tation of the initial condition:(0) = w.

Proof. See[23], page 382. O

The analogous result for the abstract hyperbolic case agllire two additional con-
ditions:

a(t,u,v) = a(t,v,u), Yu,veV, (4.8)
Ae CHI, LV, V). (4.9)
We now have

Theorem 4.2 (Existence of Unique Weak Solution to the Abstract HypearBloblem)
Givenf € L'(I,H),uo € V,andu, € H. Leta(-,-,-) be as in@1), and let(4.2), (4.8),
and (4.9) hold. Then the abstract hyperbolic probldm{4.5) has a uaigeak solution

ue C(I,V)NnCYI, H).
Proof. See[23], page 389. O

These results give a short and elegant way to prove that ackade of PDE problems
amenable to finite element methods are well-posed.
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5. A Priori ERROR ESTIMATES FORPARABOLIC PROBLEMS

We extend Thomeée's error estimates from Sedtion 2 to thadaoclass of elements
and arbitrary spatial dimension allowed by FEEC using th&trabt framework estab-
lished in Sectio}4. Fix an intervdl = [0, 7] and define the.? Bochner differential
k-form space by parametrizing tH¢ deRham complex and its domain complex. For
these spaces, we use the notation

LPXF .= L2(I, L’A%(Q)) and HX*:= L*(I, HA*(Q)). (5.1)

We first observe that the parabolic problém{2.1) is a speasg of the abstract parabolic
problem [(4.8){(44). Thus by Theorédm#.1, it has a uniquetsmi on (0, 7') with a C°-
continuous extension t®, 7'|. We may therefore denote the interval of solution to be
I := [0, T] without confusion. Fof? C R", define theBochner mixed weak parabolic
problem: Givenf andy, find (u,0) € HX"™ x HX""!such that

(u, ) — (divo,¢) =(f,¢), Vo€ HA", tel,

(o,w) + (u,divw) =0, Vwe HA" 1, tel, (5.2)
u(0) =g.
Thesemi-discrete Bochner parabolic problem is: Find (up, 0s) € A} x AZ‘I such that

(ung, &n) — (divon, on) = (f,on), Yon €Ay, tel,
(O’h,wh) + (uh, div wh) =0, Yw, € AZ_l, tel, (53)

uh(O) = (gh.
whereg, € A} is an approximation of. Defineg, to be the solution to the elliptic
problem with load data-Ag, i.e.

(div oy, ¢n) + (Ag,on) =0 Vo, € A},

5.4
(6, wn) + (g, divwy,) =0, Vw, €A} (5.4)

Viewed another wayy;, is the image of the solution operaffyy : L? — A? for the elliptic
problem, i.e.g, = —T,Ag. It can be shown, in the same manner presented in [27], that
Ty, is positive definite om\} implying that the semi-discrete Bochner problem has a
unique solution.

Elliptic projection, an idea dating back to Wheeler|[29]ndze carried out for any
fixed time value as we now discuss. For apy I, define thetime-ignorant discrete
elliptic problem: find (@, 65) € A7 x A7~ such that

(div Gn, dn) + (—Aul(to), on) =0, Von €A},
(5h,wh) -+ ('&h, div wh) =0, Ywy, € Az_l, (55)
un(0) = gn-
Note that theu appearing in the first equation &f (5.5) is the solution todbetinuous
problem [5.2). Thus, we can viewy, andu, as functions of with the understanding
that they are defined for ea¢hvalue by [5.5) alone; no continuity with respectttes

required, hence the moniker ‘time-ignorant.’
For ease of notation, and in keeping with Thomée, definerttog finctions

p(t) := an(t) — u(t),
O(t) == un(t) — dn(t),
£(t) = an(t) — Gn(t).
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We now prove a lemma which will aid in our subsequent analyisesresult for the linear
parabolic problem appears as part of the proof of ThoméglR@&orem 17.2].

Lemma 5.1 (Thoméel[27]) The error functions satisfy the semi-discrete formulation

(0, 0n) — (dive, dn) = —(pr,0n), Yon €Ay, tel,

5.6
g,wp) +(0,dIVwy) =10, wp € o, tel.
(e,wn) + (0,divwy,) =0 v APt I (56)

Proof. The second equation is immediate from the second equatiofis3) and[(5.5).
The first equation can be written out as

(Wt @n) — (div oy, @p) + (div Gn, dn) — (Une, On) = (wr, On) — (Uny, On)

which is reduced as follows:

(Unt, o) — (div oy, ¢p) + (div Gy, o) = (ur, dn) cancel like terms
(uh,ﬁ (bh) - (d|V Oh, (bh) = _(Au7 (bh) + (utu ¢h> by @)
(f, on) = —(Au, o) + (us, dn) by (5.3)

This says that the continuous problesn— Au = f should hold in a weak sense when
tested against any of the functionsAsj. This is guaranteed to be true since we chose
Ay c A" = L% Thus, the error equations hold as stated. O

The following theorem says that if? and A7~ are chosen according to the FEEC
framework, then error estimates akin to Thomée’s can baiodd.

Theorem 5.2. Fix I := [0,7]. Suppos€u,o) is the solution to[(5]2) such that the
regularity estimatd

[lu(?)]

holds for0 < s < s,,.x andt € I. Choose finite element spaces

mste T ||du(t)]| et T o (t)] s+t T ||do(t)] e SC [ (t)] Hs (5.7)

Pr-l—lAn_l(T)
At = or . AR =P AY(T) (=PA(T))
Pra AT

Then for0 < s < spax, gn defined by[(5l4), anduy,, 0,,) the solution to[(513), the
following error estimates hold:

ch (11f izt + VT fillsrzy) — Hr =0

llun =l ogn <4 |
ch*™* <||f||L2(17Hs) + \/T||ft||L1(LHS)) forr > 0,ifs<r—1

(5.8)

The regularity assumptiofi (5.7) comes from Arnold, Falld 8¥inther [3, p. 342]. Note thatu = 0
sinceu € A™; we leave the associated term only to show consistency @jth [
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b (11l 2qr.zey + VT Wil s i)
ifr=0,5s=0,A" =P A" (T)

e (5 gy + IV il )

||Uh - U||L235n71 < . (5.9

ifr=0,s<1,A"" =P AT

¢ (B 1 gagraey + B2 N T il g
\ forr > 0,ifs<r—1
( S
¢ (B N Neqrarmy + B 1 Fl 1 1))
_ ifr=0,s<1

||dIV(0’h - U)||L2xn < (5.10)

¢ (P 17 N gaqamey + 12 Wl o)
forr >0,ifs<r—1

Proof. To simplify notation, we will often usg-|| to mean|-|| ;. . We adapt the proof
technique of the corresponding theorem from Thorhée [2@pldm 17.2] to our setting.

Observe thaf (515) is exactly tihe= n case of the Hodge-Laplacian problem analyzed
by Arnold, Falk and Winther [3] and the hypotheses here mdieir hypotheses. We
can thus use a triangle inequality argument for each esireal.

Hmw—wﬁmpSHM@—%@WB+WMﬂ—wﬁWmszmuﬁﬂW%gh)
The first term will be bounded using the estimates from [3] #redsecond by the tech-
niques from Thomée [27]. We can boupd(t)||,. easily by applying the Arnold, Falk,
Winther estimate [3, p. 342], which gives

o0l < { IOl =0 (5.12)

ch? 5 ||f(®)| e s <r—1forr>0

Bounding||0(t)||,. is more subtle. Sep, := 0 andw;, := ¢ in (6.6). Adding the
equations yields

1d
2dt

We use a technique from Thoméel[27, p. 8] to derive an estifioat|d(¢)||. Since||d||
may not be differentiable wheh= 0, introduce a constait> 0 and observe that

S I8P +5) = 22 6l < Ll el

the last step following by Cauchy-Schwarz. Sinéd < (||0|* + 02)"/2, we have that

10117+ [lell* = —(pe 0), t €1

(1ol + 8% MM\+$V”

d
(101 + 692 < {lpi]]

Note that?(0) = up(0) — @x(0) = gr, — gn = 0. Thus

t t
. d 2\1/2 /
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Using the bounds ofip(t)|| from (5.12), we get
t
ch/ 1A(OI],.de ifr=0,
0
t
s [0
0

We can now assemble estimdte [5.8) by collecting our restésshow the technique of
the case = 0 as the other case employs identical analysis.

o g = ([ T o)
< ([ o+ ||e<t>u>2dt)l/2
<ch (/ (170 +/0t||ft(€)\|md€)2dt>
<ch (/2 <I|f(t)l|2 ([ ||ft<€>||md€)2> dt)

Roll the 2 into the constantand observe that the inner integral is maximal whenT'.
Thus,

0@)]] < (5.13)

gsdl forr>0,ifs <r—1.

1/2

1/2

T 1/2
2 2
= ullgn < ch ( O+ 1811 dt)

9 9 1/2
ch (11 aqr.e) + TNl 1.0
1/2
2 2
< ch (1 aqr.zy + TN lEsr.m) + 20 Lagr oy VT 1 ingr o))

= e (1 fllsaram + VT illorgn))

We now turn to[(5.0), i.e. an error bound for the approxinmaid o. We use the
same technique of boundifg (¢) — 5, (¢)|| by the corresponding Arnold, Falk, Winther
estimate and|a,(t) — o (t)|| (= ||e(¥)||) by a modification of[(5)6). First, observe that
the Arnold, Falk, Winther estimatg![3, p. 342] gives

y { s<r+1, A7t =P AT
Hs»

lo(t) = an(®)l] < ch || f(2)]

s <, APt =P AT

(5.14)
To bound||e(t)||, differentiate the second equation 0f (5.6) with respect tmd set
On = 20, wy, == 2¢e yielding

(6’t,26’t) — (d|V 5,290 = _(Pt>29t)>
(e1,2¢) 4+ (O;,dive) =0.

Adding the equations and converting to norms, we have thadbou

d
7 lell” +216:][* = —2(p1, 6:) < [lpel* + 161"
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by Cauchy-Schwarz and the AM-GM inequality. Note that siig® = 0, we have
£(0) = 0 by the second equation ¢f (5.6). Thus

td td t
= | — 2d</— 2 92d</ 2 ds.
e = [ Sl ds < [ TP+ 10 ds < [l as

As before, we usé (5.12) to derive

t 1/2
ch (/O \|ft(£)\|§2de) if r =0,
h2+s ' tg
c (/ 10

We assemble estimate (5.9) by collecting these resultserséime fashion we did for
(5.8). In ther = 0 cases, we have

o= allszees = ([ lloto) = oo )
< ([ ot = suton + oy a
<o ( [ (h 1M+ ([ 101 1/2>2dt) -
<on( [ 2 (w sl + [ Inceita) dt)m-

Rolling the 2 into the constamtand again noting that the inner integral is maximal when
t = T, we recover the first two estimates bf (5.9):

eIl <

" (5.15)
i,sde) forr > 0,if s <r— 1.

1/2

1/2

T 1/2
lon = ol s < ch ( A Oy + 100 dt)

. ) 9 1/2
= ch <h e msy + T U fellz2r r2) dt)
< e (W 1l g + VT illiagn))

Whenr > 0, (5.14) requires < r ors < r + 1 to obtain optimal convergence rates on
the first term of the right side whil€ (5.115) requires< » — 1 to obtain optimal rates on
the second term. Thus the hypothesis r — 1 implies both [(5.14) and (5.15); the last
estimate of{(5.9) then follows by identical analysis to thstfiwo cases.

Finally, we turn to estimaté (5.110) and follow the same téghe@. Since div is the
exterior operatorl between the spaces’~! and A", we have from Arnold, Falk, and
Winther [3, p. 342] that

ldiv(a(t) = an(®)]] < ch®[|f(1)]

To bound||div || setw;, := ¢ in (5.8) and take the derivative with respectitoThis
yields

oo Fs<r+1. (5.16)

d .
yr le||> + (6, dive) = 0.
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Note that dive € A} since the discrete spaces are chosen to satisfy the redaijpon
divA?~' C A?. Thus, we can sef;, := div ¢ in in (5.8) and substitute to get

d : .
7 [ell” + lldiv e]|”* = (i, dive).

By Cauchy-Schwarz, we haygliv <||*> < ||| ||div £|| and hence
[Idiv ]| < {lpll -
Again, we usel(5.12) to get
ch|| fell ;2 ifr=0
l\div e(t)|| < |2| il | _ (5.17)
ch* ™| fell s s <r—1,forr >0

The estimate (5.10) follows by combining this with (5.16). O

6. A Priori ERRORESTIMATES FORHYPERBOLIC PROBLEMS

We now analyze hyperbolic problems using the sameBochner differential form
spaced.?X* introduced in[(5.1). Observe that the wave equation (2.6)dpecial case
of the abstract hyperbolic problem (4.5)-(4.7). Thus by dreen[4.2, it has a unique
solution on the interval = [0,7]. For{2 C R", define theBochner velocity-stress
mixed weak formulation: given f, ug, anduy, find (i, o) € HX" x HX" ! such that

0)~(ON0.9) =i, VOSHN, i<
(o, w) + (u, divw) = Vwe HA" L tel,
0(0) =, (6.1)
(0) = VU(),

wherey = u; as in [2.8). Thesemi-discrete Bochner hyperbolic problem is: Find
(1tn, on) € A7 x A7~ such that

(ht, &n) — (diV an, @y, (f on), VoneAy, tel,

(Ot wn) + (pn, div wp Vw, €AY, tel,

)

) =
pn(0) = uyp,
a(0) = (Vuo)n-

(6.2)

The following lemma recasts notions about properties ojgetemn operators and dis-
crete spaces assumed by Geveci in [12] into the languagel6CFE

Lemma6.1. Choose finite element spaces

7D?”-‘rlA _I(T)
P AT

Then the projection operators from (8.1) satisfy

(divmy~lw, ¢p) = (divw, ¢p,), Yw e H(diV), ¢ € A}, (6.3)
(i, divwy) = (¢, divwy), Vo€ L? w, €A} (6.4)
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with the approximation properties

Hﬂf?_lw B W‘ ‘LzAn—l < ch? Hw\ HsAn—1)
for0<s<r+2, ifA}"' =P, A" T),or (6.5)
for0<s<r+1, if A1 =P A" (T), '
|Th ¢ — Dllp2pn < h®[|9]|apn, fOr0 < s <r+1. (6.6)

Proof. We denote div byl since it is the exterior derivative operator in this contéy
Theoreni 31 ()7} andr} are projections onto Hilbert spaces and hence self-adjoint
By Theoreni 311 (3), we have that

(dﬂ-ﬁ_lwv ¢h) = (ﬂ-ﬁdwa ¢h) = (dw7ﬂ-ﬁ¢h> = (dwa ¢h)7

establishing[(6]3). A similar trick establishés (6.4).ifstte [6.5) follows directly from

Theoreni 3.1 (1). (Note that Theoréml3.1 (1) is stated for &se®, A"~ * while here we

haveP, A", thereby allowing for the higher bound arin this case.) Finally, since
i — p= Op(mpu — u), Theoreni 3.1 (1) also implies (6.6). O

Theorem 6.2. Fix I := [0, T]. Choose finite element spaces
Pr—l—lAn_l(T)
At = or . Ay =P A(T) (=PA"(T)).
P A" H(T)
Then for(uy, 1,) the solution to[(6.]2), the following error estimate holds:
tn — pll 2z + llon — o[ p2zn—s <€ (\/TEl + hs(ﬁE2 + B3 + \/TE4)> , (6.7)
where
Ey = |lur — uipll2 + |[(Vuo) — (Vuo)nll,2  (error due to discretization of initial data)

Ey = [lual|gs + [|[Vuol| 4 (regularity of initial data)
By = [|wll o mey + oM 121 1) (regularity of continuous solution t6(6.1))
Ey = ||wal| g7 ey + Noel L2z ey (9, of E5 accumulated ovef).

Proof. We adapt the proof technique from Geveci[12] to the FEEGrgptDefineV :=
A™ x A"~! with finite dimensional subspade, := A7 x A}~'. Denote the components
of an elemeng; € ¥ by {¢;,w;}. The L? inner product and norm o are

(€1,&2)w = (d1,d2) 12 + (wi,wo)r2 and  [[§]ly == (£, &)w.

Define a skew-symmetric bilinear foran: ¥ x ¥ — R by

a(&, 52) = —(d|V w1, ¢2)L2 + (¢1, div MQ)L2.

Letvy := (u,0) € ¥ be the solution td (6]1) and lét:= (¢, w) € ¥ be arbitrary. Then
adding the equations df (6.1) yields

(Ve Qv +a(¥,§) =(f,¢)r2 VEe L. (6.8)
Similarly, from (6.2) we get
(V> Sn)w + a(tn, &n) = (f,dn)2 V& € W (6.9)

Define a projection operatat, : ¥ — ¥, using the bounded cochain projections from
(8.3) via

& = (mh o, ﬁz_lw).



FEEC FOR EVOLUTION PROBLEMS 17

By Lemmd6.1, we have that

a(mp, ) = a(h, &) Y En € Uy

Further, sincer;, only affects the spatial variables, it commutes with thectiserivative
operator, i.e.

(atﬂ-hwv gh)\ll - (ﬂ-hat,lvb) Sh)‘lfa

Combining these identities with (6.8), we have that

(Osmn (), En)w +al(mptp(t), &) = (f(t), dn)r2 + (00 (t) — Opb(t), En)ws th(g fg)

Now define the error function
en(t) = m(t) — Yn(t).
Subtracting[(6.9) froni(6.10) yields
(Oren(t), En)w + alen(t), &n) = (Tr0d(t) — Orp(t), En)w, Y En € V. (6.11)
Define an operatdg;, : ¥, — ¥, by
(Ené1, &)y = al61,82), V1,8 € V.
Letting P, : ¥ — ¥, denote projection with respect tg -)y, we can re-write[(6.11) as
Oien(t) + Zpen(t) = Py (mrp010(t) — 049(1)) (6.12)
Now, sincea is skew-symmetrics;, is skew-adjoint, i.e.
(En&1, &)y = — (&1, Ené2)y

Hence,—=;, will generate the one-parameter unitary greafF». Therefore we can turn

(6.12) into
en(t) = e ey (0) +/ e TTER P, (m,0-0(T) — 0:(T)) d. (6.13)
0

Sincee™'=» is unitary, it preserveg-norm, i.e. [[e==ny|| = [J¢]], forall ¥ € ©.
Thus [6.12) becomes

llen®lle < llen(0)]]g +/0 1mn0rp(T) = Orp(T) ||y dT. (6.14)
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Using (6.5) and[(6]6) from Lemnia 6.1, we start building uprtisn result. We use the
notationf < g to meanf < cg wherec is some constant independentoand?'.

2
([ en — M||L23€n + |lon — U||L2%n*1)

T
sz/ litn — il + lon — o2 dt
0

T
S//O (||Nh_7Th/~LHL2+HUh_7T UHL?)
+ = pllfe + |7 o — o |7, dt
T
N / lew ()32 dt + |77 — pl[3agn + ||75 7 0 — 0| |7 aqs dt

2

+h* o (1) dt

s/o len(DI2s + B2 ()| e

T
< / en(t)|[2a dt + h*E2. (6.15)
0

To bound||e,,(t)]|,2, we use[(6.14) and the same results from Lerhmia 6.1 to get
len@I S llmhus — uanll + Hﬂ"‘l(VuO) — (Vuo)u||

/ 1750 it(7) = O- (7] + [ |37 0r0(7) = Bror(7)| | dr

S [lur = winl] + [[(Vuo) = (Vuo)ul| + 27 ([lua| e + [[Vuol | )
t
w1 ([ 1000l + Nora(r) e ar ).
Integrating this from 0 t@" yields
T
/ llen(®)|]? dt < TE? + h*TE?
0
T t 2
w12 [ ([ 1ol + 11000l r ) a
0 0

2

T
< TE, + hW*TE3 + hzs/ (||ar,“||L2(I,Hs) + ||arU||L2(I,HS)> dt
0

< TE, + h*TE2 + h*TE? (6.16)

Combining [6.15) and (6.16) yields
(ln = pell oxn + llon = 0ll pogn1)” < ¢ (TE} + B TE; + h*E3 + h*TE)

<c(VTE + 1 (VT + By + ﬁE4))2

Taking the square root of both sides completes the proof. O

Theoreni 6.2 implies that the errorin (i.e. ) and the error i due to discretization
of the continuous problem is boundedoriori over [0, 7] by terms depending only on
the regularity of the initial data and the continuous soluitiSince the interval is finite,
this implies control over the error imas well. These results imply that the finite element
choices allowed by FEEC theory for elliptic problems alssutein stable semi-discrete
finite element methods for hyperbolic problems.
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7. SEMI-LINEAR EVOLUTION PROBLEMS

We now show how the techniques developed above can be ext¢mdertain types
of non-linear evolution problems. Consider tgeni-linear heat equation: Find u(x, t)
such that

uw—Au+ F(u)=f inQ, fort>0
u=0 ondf, fort>0 withu(-,0)=ginQ,

whereF is some non-linear operator dif(2). The existence and uniqueness of solu-
tions to instances of this problem have been studied extelgdil5,/13, 24, 30] as have
finite element methods for the approximation of its soluf@®, /9, 25/ 27, 19].

We focus here on the case whéfesatisfies a Lipschitz condition

|1F(v) = Fw)llp < Cllo —wllpz.  Vo,we LQ). (7.2)
This condition, or a weaker locally Lipschitz condition [53$ assumed by Holst and
Stern [17] in their recent extension of the FEEC error esi®ao semi-linear elliptic
problems. Hence, it serves as an obvious assumption fonairig our evolution results
to the semi-linear case.

For ) C R", define theBochner semi-linear mixed weak form parabolic: Given f
andyg, find (u,0) € HX" x HX" ! such that

(ut; @) — (dive,¢) + (F(u),¢) =(f,¢), Yo HA", tel,
(o,w) + (u,divw) =0, Vwe HA™ Y, tel, (7.3)
u(0) =g.

Thesemi-linear semi-discrete Bochner parabolic problem is thus: Find(uy, 0y) €
A7 x A?~! such that

(Ut &) — (div on, on) + (F(un), dn) = (f,0n), Yén€ AL, tel,
(on,wp) + (up, divw,) =0, Vw, €AY tel, (7.4)

(7.1)

ur(0) = gn,
whereg;, € A} is an approximation of. Analogously to the linear case, for atiye I,
define thetime-ignorant linear discrete eliptic problem: find (i, 5,) € A7 x A}~
such that
(div ap, ¢n) — (Aulty), ¢n) =0, Vo, Ay, tel,
(Gn,wn) + (an,divwy) =0, Vw, €AYl tel, (7.5)
u,(0) = gn,
where now is the solution to the continuous semi-linear probleml| (7S&nilarly, define
p(t) := un(t) — u(t),
0(t) := up(t) — up(t),
e(t) = on(t) — on(t),

whereu, o and their discrete counterparts are now solutions to thesponding semi-
linear problems. We have an analogous lemma.

Lemma 7.1. The semi-linear error functions satisfy the semi-discfetenulation, i.e.

(0, 0n) — (dive, dn) = —(pi,0n), Yon€AL, tel,

7.6
g,wp) + (0,divwy) =0 Vw, e AL tel (7.6)
(&, wn) + ( ; h



20 A. GILLETTE AND M. HOLST

Proof. The second equation is immediate from the second equatioffs4) and[(7.5).
The first equation can be written out as

(Un,t, &) — (diV op, @) + (diV Gr, On) — (Tnye, Or) = (s, Pn) — (Tne, 1)
which is reduced as follows:

(Ut @n) — (diV oy, @p) + (div &p, n) = (ur, Pn) cancel like terms
(un,t: @) — (div oy, dn) = —(Au, ¢p) + (ue, dn) by (7.3)
(f7 ¢h) - (F(uh)7 (bh) = _(Au7 (bh) + (utu ¢h> by @')

This says that the continuous problem- Au+ F'(uy,) = f should hold in a weak sense
when tested against any of the functions\ih This is guaranteed to be true since we
choseA} ¢ A" = L. Thus, the error equations hold as stated. O

Theorem 7.2. Fix I := [0,7]. Suppos€u,o) is the solution to[(7]3) such that the
regularity estimate

)|z + lldu@®)| gosr + o @O goss + lldo (@) e < l[F O] g (7.7)

holds for0 < s < s @andt € I. Assume that the operatdf satisfies the Lipschitz
assumption(7]2). Choose finite element spaces

Pr—l—lAn_l(T)
prt=d o b A=) (= PANT)
P AT

Then for0 < s < suax, gn defined by[(5l4), anduy,, 0,,) the solution to[(714), the
following error estimates hold:

ch <||f‘|L2(1,L2)+ﬁ|‘ftHL1(LL2)> ifr=0

plbs (Hfl\Lg(,,Hs) + ﬁ||ft|\L1(LHS)) forr > 0,ifs <r—1
(7.8)

[lun = ] oz <

b (11l 2qr.zey + VT Wil i)
|f r = O' S = 0' AZ_l — P;An—l(T>

e (R W g+ VT A1)
=05 < LAL! = PA(T)

(7.9)

llon = o L2zn1 <

c (h”s S 2 iy + h(3/2)+sﬁ||ft||L2(LHs>>

L forr >0,ifs<r—1

( S
¢ (B NN eqrarny + B 1 Fl 1))

ifr=0,s<1
||diV(0’h - U)||L2xn < . (7.10)

¢ (W 19 N gagaey + 12 Wl orae)
L forr > 0,ifs<r—1
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Proof. The proof is very similar to that of Theordm 5.2. Equatio®)7s thek = n case

of the discrete mixed variational problem examined by Haist Stern in([1/7, Equation
(9)]. Therefore, we can use the same type of triangle indégufabm (5.11) to recover
the estimates. By [17, Theorem 4.2], we have the estimates

chllfOll.  Hr=0
2 <
P2 < { ch2+s || £ (1)

[ Sl AT =P

s 9 I

" <, Ayt =P AT
(7.12)

div(o(t) — G1(t)]] 12 < ch* || F ()] |ype , i 5 <7+ 1. (7.13)

An explanation of how these estimates are derived from thdteof [17] is given in Ap-
pendix A. Note that these estimates are exactly the sameasthesponding estimates
(5.12), [5.14) and (5.16) from the linear case. The proaf hh@ceeds exactly as before
since the rest of the argument does not appeal to the ligexdrihe problem at all. [

(7.11)

ge Fs<r—1,forr>0

lo(®) = an(@®)ll 2 < ch™||£(2)]

This approach seems likely to extend to semi-linear hygeriproblems as well.
Since the well-posedness of such problems is a significaue is its own right, however,
we do not consider such an approach in the present work.

8. CONCLUDING REMARKS

In this article, we have extended the Finite Element ExteZimculus of Arnold, Falk,
and Winther|[[3| 2] for linear mixed variational problems teelar and semi-linear para-
bolic and hyperbolic evolution systems. Both the parabafid hyperbolic cases make
strong use of the smoothed projection operatgfswhich are one of the most elabo-
rate and delicate constructions in the FEEC framework. érmpidrabolic case, the use of
the 7} operators was hidden somewhat by the use of elliptic priojeetrror estimates,
proofs of which rely on properties of these operators. Inhiyyeerbolic case, the proof
techniques use these properties more explicitly. In ang,d&® formal treatment and
generalization of these operators by Arnold, Falk and Winitean now be seen as a
useful tool for the analysis of evolution problems as wekbiptic PDE.

We have also seen in this article how the recent generaimbf the FEEC by Holst
and Stern([16, 17] for semi-linear elliptic PDE can be extshtb evolution PDE as
well, both parabolic and hyperbolic types. We also antifghat the basic approach to
analyzing variational crimes in_[16, 17] for the linear areslinar elliptic cases will
also work in the case of evolution problems; we will expldre guestion of variational
crimes in a subsequent article, with the target being thiysisaf surface finite element
methods for evolution problems.
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APPENDIX A. EXPLANATION OF SEMI-LINEAR ERROR ESTIMATES

In this appendix, we explain why estimates (7.11), (7.18), &.13) follow from[17,
Theorem 4.2]. We will focus just on the> 0 case of[(7.11) as it requires the sharpening
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of a special case of an estimate appearing in [17, Theorem Bt other cases work
out along similar lines by a direct application of the Holstlétern estimates.

First, we recall some notation from [3] used(in[17](W, d) is a Hilbert complex with
associated domain complé¢k’, d) and parametrized subcomplex family,, d), denote
the best approximation i/ -norm by

E(w) = inf lw— ||y, weWk
veVy
The relevant result from Holst and Stern[17, Theorem 4.2{ased as
lu = tnlly +[lp = pally < c(E(u) + E(du) + E(p)
+n[E(0) + E(do)] + (6 + p)E(do) + pE(Pyu)),

(A.1)
wheren, §, and . are coefficients defined as the norms of certain abstracatpsr
u € Wy, andp is a harmonid:-form with discrete counterpapt, introduced to make the
abstract Hodge-Laplacian problem well-posed.

Casting this into the context of the deRham complex, we have

(W,d) = (L*A,d) and (V,d) = (HA,d).
Since we are interested here only in the case n, there are no harmonic-forms so
thatp = p, = 0. Further,du = 0 sincedA™ = 0, whereby||u — ||, = ||u — G|, =
||u — @|| 2. This eliminates the error terms jranddu, giving us the reduced estimate
|lu = @nll 2 < c(E(u) +nlE(0) + E(do)] + (6 + p) E(do) + pE(Pyu)).
Crucially, this estimate can be reduced further when n. The derivation of[(A.ll) uses
the estimate
[ld(u = an)lly, < c(E(du) +n[E(do) + E(p)]

from [3, Theorem 2.11] which is unnecessary here since theside is always zero.
Since this is the only part of the derivation that requirestérmnE(do), we can drop
it, yielding

lu— a2 < c(E(u) +nE(0) + (6 + p) E(do) + pE(Pyu)). (A.2)

We now give bounds on each of the terms[in_{A.2). The coeffisiappearing in the
abstract estimates can be stated in terms of poweksiothe deRham context. These
appear inl[3, p. 312] as

n=0(h), §=O0h™E+))  andu = O(r™).

To bound the error terms, Arnold, Falk and Winther define simpoojection operators
mF o L2A*¥(Q) — Af satisfying optimal convergence rates as stated precise|8, i
Theorem 5.9]. For instance, Aff is one of P, A*(T;) or, if r > 1, P, A*(T,) then

HsAR(Q) foerHSAk(Q), 0<s<r+1.

[|w = 7w ‘L2Ak(Q) < ch®[|w]
These types of results bourdt{w) in terms of||w|| ;. ,x, Which is in turn bounded in
terms of|| f|| ;. o= DY the regularity hypothesisS(7.7). Summarizing theseltgswe have

E(u) < ch*?||f]
E(o) < ch*™||f|
E(do) < ch* || f]|
E(Pyu) < ch**?||f]

HS

HS

)<
) <

HS
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We can now prove (7.11) by collecting results and applyimgtho [A.2), yielding
H/)(t)HB S C(hs+2 4 h(hs+1) 4 (hmin(2,r+1) 4 hr+1)hs + hr+1hs+2> Hf(t)HHé

The greatest common factor from the above expressiafiishence this is the overall
order estimate that can be inferred, as was claimed.
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